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Based on:
o unpublished joint work with Santiago Arambillete;

e discussions with Aarne Ranta, Hugo Herbelin, Paul-André Mellies,
and Yoad Winter.
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Mohan Ganesalingam

Textual mathematics:

The Language °
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Textual Mathematics

Mohan Ganesalingam

Textual mathematics:

The Language @ the language used by mathematicians
of Mathematics in textbooks and articles;

ALinguistic and Philosophical Investigation

LNCS 7805

@ consists of a mixture of natural
language and mathematical formulas;

@ it has its own idiosyncrasies that are
worth studying.
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Textual Mathematics

Linguistically, the study of mathematical language rather than everyday
language is rewarding because it offers examples that have complicated
grammatical structure but are free from ambiguities. We always know
exactly what a sentence means, and there is a determinate structure to
be revealed. The informal language of mathematics thus provides a kind
of grammatical laboratory.

Ranta (1994)
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Textual Mathematics

Soit f une forme hermitienne sur un espace vectoriel L sur K. On dit que deux
vecteurs x,y € L sont orthogonaux par rapport a f si

f(x,y) =0.
()

Soit maintenant M un sous-espace vectoriel de L; on appelle orthogonal de M
par rapport a f I'ensemble, noté généralement

M,
des x € L qui sont orthogonaux a tout y € M.

Godement, Cours d’Algébre
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Textual Mathematics

Let f be a hermitian form on a vector space L over K. Two vectors x,y € L are
said to be orthogonal with respect to f if

f(x,y) =0.
()

Now let M be a vector subspace of L. The orthogonal complement of M with
respect to f is defined to be the set, usually denoted by

MJ_

of all vectors x € L which are orthogonal to every y € M.
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Compositional semantics

Abstract Syntactic Structures

A farmer feeds a gray donkey.

QR (SOME FARMER) (Az. QR (SOME (GRAY DONKEY)) (Ay. FEED y z))

FARMER : N
DONKEY : N
GRAY : N — N
FEED : NP — NP — S
SOME : N — QNP
QR : QNP — (NP = S) — S
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Compositional semantics

Semantic Interpretation
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Compositional semantics

Semantic Interpretation

[N]=e—t
[NP] =e
[anP] = (e = t) — t

[s]=t

Ph. de Groote Plurals in textual mathematics



Compositional semantics

Semantic Interpretation

[N]=e—t
[NP] =e
[anP] = (e = t) — t
[sI=t

[FARMER] = Az.farmer x
[DONKEY] = Az. donkey
[erAY] = Apzx. (pz) A (gray )
[FEED] = A\xy.feed y x
[sOME] = Apg. 3x. (pz) A (g x)
[Qr] = Afz. fx

where farmer, donkey,gray : e — t
feed:e >e—t
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Semantic Interpretation

[QR (SOME FARMER) (Az. QR (SOME (GRAY DONKEY)) (Ay. FEEDy z))]
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(QR (SOME (GRAY DONKEY)) (Ay. FEEDy z))]
(Mfz. f z) [(SOME (GRAY DONKEY))] (Ay. [FEED] y z))

—» Jz. (farmerz) A |
A(
A ([sOME (GRAY DONKEY)] (Ay. [FEED] y x))
A(
A (Jy
A (Jy

(
= Jz. (farmer z
—»p Jx. (farmer z
= Jz. (farmer z (Apg-Fy. (py) A (qy)) [(GRAY DONKEY)] (Ay. [FEED] y z))
( . ([crAY DONKEY] y) A ([FEED] y z))
(

.((Apz. (pz) A (grayz)) (Az. donkey z) y) A ([FEED] y x))

—»g Jz. (farmer x
= 3z,
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Compositional semantics

Semantic Interpretation

[QR (SOME FARMER) (Az. QR (SOME (GRAY DONKEY)) (Ay. FEEDy z))]

= [QR] [(SOME FARMER)] (Az. [QR (SOME (GRAY DONKEY)) (Ay. FEEDy z)])

= (Afz. f x) [(SOME FARMER)] (Az. [QR (SOME (GRAY DONKEY)) (Ay. FEED y x)])
—»g [SOME FARMER] (Az. [QR (SOME (GRAY DONKEY)) (Ay. FEED Yy z)])

= (Apg. 3z. (pzx) A (¢ x)) (A\x. farmer )

(Az. [QR (SOME (GRAY DONKEY)) (Ay. FEED y x)])

[(QR (SOME (GRAY DONKEY)) (Ay. FEEDy z))]
(Mfz. f z) [(SOME (GRAY DONKEY))] (Ay. [FEED] y z))

—»p Jx. (farmer z) A
= Jz. (farmer z) A
—» Jdz. (farmer z) A ([SOME (GRAY DONKEY)] (Ay. [FEED] y ))
= Jz. (farmer z) A ((Apq. Jy. (py) A (qy)) [(GRAY DONKEY)] (Ay. [FEED] y x))

—» Jz. (farmer z) A

( )A

( ) A

( ) A

( )A

(
E
(3y. (JcrAY DONKEY] y) A ([FEED] y x))
= Jz. (farmer z) A (3y. (\pz. (px) A (gray z)) (Az. donkey =) y) A ([FEED] y z))
—» Jz. (farmer z) A (y. (donkey y) A (gray y) A ([FEED] y x))
= Jz. (farmer z) A (Jy. (donkey y) A (grayy) A ((A\zy.feedy x) y z))
—» Jdz. (farmer z) A (3y. (donkey y) A (grayy) A (feed z y))
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Plurals

Three approaches

o Mereology: a @ b. (Blunt, 1985)
@ Plural logic: Va,Vas. (Nicolas, 2008)

@ Second-order logic: plural as sets of entities, i.e, terms of type e — t. (Link,
1983)

Plural logic can be formalized as a fragment of second order-logic.
Mereology = Boolean algebra without 0.

Stone representation theorem.
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Plurals

Syntactic categories

[Ngg] =€ — ¢t [Npi] = (e = t) = ¢t
[NPe] =€ [NPo] =e—t

[ane,] = (e = t) — t [anp, ] =((e = t) = t) =t
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Plurals

Link's distributivity operator

distr £ ApS.Vz. (Sz) — (px)
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Plurals

A farmer feeds some donkeys.

V.
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Plurals

A farmer feeds some donkeys.

FARMER : Ngg
DONKEY : Ngg
FEED : NPg; — NPgg — S
SOME g : Ngg — QNPg,
SOME p : Np| — QNP
QRgg : QNPg, — (NPgg — S) — 8
QR : QNP — (NPpp — 8) — S
PL : Ngg — Npj
DISTR : (NPgg — S) — NPp1 — S
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Plurals

A farmer feeds some donkeys.

FARMER : Ngg
DONKEY : Ngg
FEED : NPg; — NPgg — S
SOME g : Ngg — QNPg,
SOME p : Np| — QNP
QRgg : QNPg, — (NPgg — S) — 8
QR : QNP — (NPpp — 8) — S
PL : Ngg — Npj
DISTR : (NPgg — S) — NPp1 — S

QR ¢ (SOME sg FARMER) (AZ. QR ) (SOME 1 (PL DONKEY)) (DISTR (Ay. FEED Y 7))
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Plurals

[SOME 1] = Apg. 3z. (px) A (g )
[[QRpI]] = /\fo f$
[PL] = ApS. (S| > 2) A (distrp S)
[DISTR] = distr
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Plurals

[SOME 1] = Apg. 3z. (px) A (g )
[[QRpI]] = /\fo f$
[PL] = ApS. (S| > 2) A (distrp S)
[DISTR] = distr

Jz. (farmerx) A (3S. (|S| > 2) A (Vy. (Sy) — (donkeyy)) A (Vy. (Sy) — (feedz y)))
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Plurals

THEOREM 2. Let M be a finite-dimensional vector space over a division
ring, let X be a finite set of generators of M, and let A be a subset of
X. Suppose that the elements of A are linearly independent. Then there
exists a basis B of M such that

AcCcBcX.
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Collective vs Distributive Predicates

Definition and Examples

A collective predicate, as opposed to a distributive one, is a predicate that
applies to a plural entity considered as a whole, rather than to each individual
that comprises it.
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Mathematical Examples

There exists a finite set of elements a1, ...,a, € M which generate M.
Let A be a set of coprime numbers.

Suppose that the elements of A are linearly independent.

Let X be a finite set of generators of M

prime 2 . (a# 1) A (Vn. ((Natn) A (divna)) = (n=1)V (n = a)))
coprime 2 \S.Vn. ((Natn) A (Va. (S a) — (divna))) — (n = 1)
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Group Nouns

Reification
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Collective vs Distributive Predicates

Group Nouns
The bataillon surrounded the fort.
Each bataillon surrounded the fort.
It is enough to show that B generates M (since by construction B is free).

Reification

set:e—(e—>t) >t

Nat,Rat :e — t
N,Q:e

set N (Az. Nat z)
set Q (Az. Ratx)
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Collective vs Distributive Predicates

Group Nouns
The bataillon surrounded the fort.

Each bataillon surrounded the fort.
It is enough to show that B generates M (since by construction B is free).

Reification

set:e—(e—>t) >t

Nat,Rat :e — t
N,Q:e

set N (Az. Nat z)
set Q (Az. Ratx)

Vs.VSS’. ((setsS) A (setsS)) — (S=9")
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Collective vs Distributive Predicates

Every set of natural numbers is a set of rational numbers.
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Collective vs Distributive Predicates

Every set of natural numbers is a set of rational numbers.

NATURAL-NUMBER : Ngg
RATIONAL-NUMBER : Ngg
SET-OF : Np| — Ngg
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Collective vs Distributive Predicates

Every set of natural numbers is a set of rational numbers.

NATURAL-NUMBER : Ngg
RATIONAL-NUMBER : Ngg
SET-OF : Np| — Ngg

QRgy (EVERY (SET-OF (PL NATURAL-NUMBER)))
(Az. QR (SOME g (SET-OF (PL RATIONAL-NUMBER)))

M.z =1y))
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Collective vs Distributive Predicates

[NATURAL-NUMBER] = Az. Natz
[RATIONAL-NUMBER] = Az. Ratz
[SET-OF] = APz.3S. (P S) A (setz S)
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[RATIONAL-NUMBER] = Az. Ratz
[SET-OF] = APz.3S. (P S) A (setz S)

V. (3S. (Vz. (S z) = (Natz)) A (setz S))
— (Jy. (3S. (V2. (Sz) = (Ratz)) A (sety S)) A (z =y))
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[NATURAL-NUMBER] = Az. Natz
[RATIONAL-NUMBER] = Az. Ratz
[SET-OF] = APz.3S. (P S) A (setz S)

V. (3S. (Vz. (S z) = (Natz)) A (setz S))
— (Jy. (3S. (V2. (Sz) = (Ratz)) A (sety S)) A (z =y))

V. (Natz) — (Ratx)
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Collective vs Distributive Predicates

Every set of prime numbers is a set of coprime numbers.
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Collective vs Distributive Predicates

Every set of prime numbers is a set of coprime numbers.

NUMBER : Ngg [NUMBER] = Az. Natz
PRIME : Ngg — Ngg [PRIME] = Apz. (pz) A (prime )
COPRIME : N — Npj [cOPRIME] = Apz. (px) A (coprime z)
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Collective vs Distributive Predicates

Every set of prime numbers is a set of coprime numbers.

NUMBER : Ngg [NUMBER] = Az. Natz
PRIME : Ngg — Ngg [PRIME] = Apz. (pz) A (prime )
COPRIME : N — Npj [cOPRIME] = Apz. (px) A (coprime z)

QR (EVERY (SET-OF (PL (PRIME NUMBER))))
(A2.QRgy (SOME gq (SET-OF (COPRIME (PL NUMBER))))

M.z =y))
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Symmetric Predicates

Phrases that denote binary symmetric predicates may often be used as collective
predicates:
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Symmetric Predicates

Phrases that denote binary symmetric predicates may often be used as collective
predicates:

@ James agrees with Carol.
Carol agrees with James.

James and Carol agree.

@ Boston is quite different from New York.
New York is quite different from Boston.
Boston and New York are quite different.

@ Sue and Dan divorced.
?Sue divorced Dan.

?Dan divorced Sue.
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Symmetric Predicates

General Scheme

@ A is orthogonal to B.
B is orthogonal to A.
A and B are orthogonal.
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Symmetric Predicates

General Scheme

@ A is orthogonal to B.
B is orthogonal to A.
A and B are orthogonal.

(1) [NPy]is [ADJ] [PREP] [NP3].
(2) [~NPy] and [NP3] are [ADJ].
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Symmetric Predicates
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Symmetric Predicates

The vector y is orthogonal to the vector z.
Every row of Hx is orthogonal to every row of H.

The section s is orthogonal to the first m eigenfunctions of the operator.
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Symmetric Predicates

The vector y is orthogonal to the vector z.
Every row of Hx is orthogonal to every row of H.

The section s is orthogonal to the first m eigenfunctions of the operator.

The vector y and the vector x are orthogonal.
“Every row of Hy and every row of H are orthogonal.

“The section s and the first m eigenfunctions of the operator are orthogonal.
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Symmetric Predicates

A plea for the dual grammatical number
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Symmetric Predicates

A plea for the dual grammatical number

AND : NPgg — NPgz — NPgy
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Symmetric Predicates

A plea for the dual grammatical number

AND : NPgg — NPgz — NPgy

[NPau| = (e e —t) >t
[AND] = Azyf. fxy
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Symmetric Predicates

Much more to say:
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Symmetric Predicates

Much more to say:
Adjectives denoting (symmetric) binary relations used with noun phrases that
denote collections of three or more elements.
Binary distributivity operator.
Strict binary distributivity operator.
Overt markers of (strict) binary distributivity: pairwize, mutually, by pairs...
Reciprocals: each other, one another...
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Conclusions

Most of the semantic phenomena that appear in natural language also arise
in textual mathematics.

@ However, the use of natural language in mathematics tends to be more
regular.

@ The language of mathematics provides indeed a quite interesting grammatical
laboratory.

@ Studying the linguistic structure of textual mathematics is an interesting
source of inspiration for how to formalize mathematicst.
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