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Example: Cantor’s Theorem

There is no surjective
function fform a set S to
its powerset L(S)

thf (sur cantor, conjecture,

Representation of sets: (~ (2 [F: 81 > (81 > S0)]

. + S1 > S
true IifxeY ] ; ] o
y(x) = FoxE el s
false else (F = Y))))).



Proof Checking using Lampdapi

® (Goa
® The

and ena

: Encode proofs in a way that allows us to check their correctness

Dec

U

O

kti framework implements the All-modulo-Theory
es an encoding of proofs following the propositions as types principle

® Dependanttypes Ilx:T.S parameterise types with terms

® Rewrite rules [ < rreplace occurrences of [ with the term r

® Proof checking is reduced to type checking

® | ambdapi offers interactive proof scripts and a user-friendly syntax



Proof Checking using Lampdapi

% SZS output start Refutation for sur_cantor.p

thf(skl_type, type, skl: ($i > ($i > $0))).

thf(sk2_type, type, sk2: (($i > $0) > $i)).
thf(1,conjecture, ((~ (? [A:($1 > ($1 > $0))]: ! [B:($i > $0)]: ?
[C:$il: ((A@C) =B)))),file('sur_cantor.p',sur_cantor)).
thf(2,negated_conjecture, ((~ (~ (? [A:($1 > ($i > $0))]: ! [B:
($1 > $0)]1: ? [C:%il: ((A@C) =
B))))),inference(neg_conjecture, [status(cth)],[1])).
thf(3,plain, ((~ (~ (? [A:($1 > ($1i > %$0))]: ! [B:($i > $0)]: ?
[C:$i]: ((A @ C) =
(B)))))),inference(defexp_and_simp_and_etaexpand, [status(thm)],
[2])).

thf(4,plain, ((? [A:($i > ($i > $0)

((A@C) =(B)))),inference(polarit

thf(5,plain, (! [A:($i > $0)] : (((s!

(A)))),inference(cnf, [status(esa)l, |

thf(6,plain, (! [A:($1i > $0)] : (((skl

(A)))),inference(lifteq, [status(thm)] = A
thf(7,plain, (! [B:$i,A: ($i > $0)1 : (! Definition

(A @ B)))),inference(func_ext, [status(! 1
thf(9,plain, (! [B:$i,A:($i > $0)] : (( Of a Lambdapl
(~ (A @B)))),inference(bool _ext, [sta;

thf(250,plain, (! [B:$i,A:(%$i > $0)] : 1-r163()r.)/
((A@B) !'= (~ (skl @ (sk2 @ (A)) @
(($true)))),inference(eqfactor_orde]

thf(270,plain, ((skl @ (sk2 @ (~ [A:

Q@ (~ [A:$i]: ~ (skl1 @ A @ A))))),i

[status(thm)], [250: [bind (A, $thf(~ [L.:%Lj: ~ (SKL @ L @
C))),bind(B, $thf(sk2 @ (~ [C:$il: ~ (ski @C @ C))))I1])).
thf(8,plain, (! [B:$i,A:($i > %$0)] : ((~ (skl @ (sk2 @ (A)) @ B))
| (A @B))),inference(bool_ext, [status(thm)]1,[7])).
thf(18,plain, (! [B:$i,A:($i > $0)] : ((~ (skl @ (sk2 @ (A)) @
B)) | ((A@B) != (~ (skl @ (sk2 @ (A)) @B))) | ~
(($true)))),inference(eqfactor_ordered, [status(thm)]1, [8])).
thf(32,plain, ((~ (skl @ (sk2 @ (~ [A:%$i]: ~ (skl1 @ A@A))) @
(sk2 @ (~ [A:$i]l: ~ (skl @ A @ A)))))),inference(pre_uni,
[status(thm)], [18: [bind(A, $thf(~ [C:$i]l: ~ (skl1 @ C @
C))),bind(B, $thf(sk2 @ (~ [C:$i]l: ~ (skl1 @C @ C))))]1])).
thf(372,plain, (($false)),inference(rewrite, [status(thm)],
[270,32])).

thf(373,plain, (($false)), inference(simp, [status(thm)], [372])).

% SZS output end Refutation for sur_cantor.p

Encoding of
Problems and
Proof Steps

Encoding of
the Calculus
Rules

Verification
of generated
Proofs




Definition of a LP-Theory

Encoding ExTT

symbol = : Prop - Prop - Prop;

symbol Prf : Prop — TYPE;

Propositions as Types

rule Prf (Sx = S$Sy)

o Prf $x — Prf Sy;



Definition of a LP-Theory

Encoding ExTT

symbol Prop : TYPE; Sub-theory of Theory U

symbol = : Prop - Prop — Prop;

symbol Prf : Prop - TYPE; + New symbol ,=" defined as

_eibniz-equality
+ Axioms for functional and

extt.lp propositional extensionality
Axiom for excluded middle

Propositions as Types

rule Prf (Sx = Sy) The rules of Natural Deduction
o Prf $x - Prf Sy; can be derived

rwr.lp



% SZS output start Refutation for sur_cantor.p

thf(skl_type, type, skl: ($i > ($i > $0))).

thf(sk2_type, type, sk2: (($i > $0) > $i)).
thf(1,conjecture, ((~ (? [A:($1 > ($1 > $0))]: ! [B:($i > $0)]: ?
[C:$il: ((A@C) =B)))),file('sur_cantor.p',sur_cantor)).
thf(2,negated_conjecture, ((~ (~ (? [A:($i > ($i > $0))]: ! [B:
($1 > $0)]: ? [C:%$i]l: ((A@C) =
B))))),inference(neg_conjecture, [status(cth)]1, [1])).
thf(3,plain, ((~ (~ (? [A:($1 > ($1 > $0))]: ! [B:($i > $0)]: ?
[C:$i]: ((A@C) =
(B)))))),inference(defexp_and_simp_and_etaexpand, [status(thm)],
[2])).

thf(4,plain, ((? [A:($1 > ($1i > $0)

((A@C) = (B)))),inference(polarit

thf(5,plain, (! [A:($i > $0)] : (((s|

(A)))),inference(cnf, [status(esa)l, |

thf(6,plain, (! [A:($i > $0)] : (((skl

(A)))),inference(lifteq, [status(thm)] SRR I
thf(7,plain, (! [B:$i,A: ($i > $0)1 : (! Definition

(A @ B)))),inference(func_ext, [status (! ’
thf(9,plain, (! [B:$i,A:($i > $0)]1 : (( Of d Lambdapl
(~ (A @B)))),inference(bool_ext, [sta;

thf(250,plain, (! [B:$i,A:($i > $0)] : 1-r163()r.)/
((A@B) != (~ (skl1 @ (sk2 @ (A)) @
(($true)))),inference(eqfactor_orde]

thf(270,plain, ((skl @ (sk2 @ (~ [A:

Q@ (~ [A:$i]: ~ (skl @ A @ A))))),i

[status(thm)], [250: [bind (A, $thf(~ [L.:%L1j: ~ (SKL @ L @
C))),bind(B, $thf(sk2 @ (~ [C:$il: ~ (skl @C @ C))))]1])).
thf(8,plain, (! [B:$i,A:($i > $0)] : ((~ (skl @ (sk2 @ (A)) @ B))
| (A @ B))),inference(bool_ext, [status(thm)],[7])).
thf(18,plain, (! [B:$i,A:($i > $0)] : ((~ (skl @ (sk2 @ (A)) @
B)) | ((A@B) != (~ (skl @ (sk2 @ (A)) @ B))) | ~
(($true)))),inference(eqfactor_ordered, [status(thm)1, [8])).
thf(32,plain, ((~ (skl @ (sk2 @ (~ [A:$i]: ~ (skl1 @ A @ A))) @
(sk2 @ (~ [A:$i]: ~ (sk1 @ A @ A)))))),inference(pre_uni,
[status(thm)], [18: [bind(A, $thf(~ [C:$i]: ~ (skl1 @ C @
C))),bind(B, $thf(sk2 @ (~ [C:$i]l: ~ (skl @C @ C))))1]1)).
thf(372,plain, (($false)), inference(rewrite, [status(thm)],
[270,32])).

thf(373,plain, (($false)), inference(simp, [status(thm)], [372])).

% SZS output end Refutation for sur_cantor.p

Encoding of
Problems and
Proof Steps

Encoding of
the Calculus
Rules

Verification
of generated
Proofs

symbol step3
begin

symbol step4
begin

symbol step373

begin

Prf L

(L

~ 0)) ),




Encoding of the Calculus

Functional Extensionality

(FunExtPos)'

T—U 7T

(s, X, =t_,X)

T : where X is a fresh variable

Example:

How can proof based on ?

symbol stepN : Prf(t

But what happens it we have multiple literals? ;



C \ (ST—>U o T—>y)
C V (s

T—U T T—>V T

Encoding of the Calculus
Functional Extensionality

X) (FunExtPos)'

T : where X is a fresh variable

Example:

How can promc based on ?
symbol stepN : Prfl(f = g)
symbol stepM : II x, Prff(f x = g x)| V c;

________________
-----
------
-----

“Second idea: Aterm of type I (EED) Nl (IS I

Lambdapi can use proofs of equalities to perform a rewrite-like operation

I s, II t, I x, Prf((s

can be used to rewrite

10



EnCOding Of the CalCUIUS CVL_H») (FunExtPos)T

C V (s
Functional Extensionality

T—U T T—>V T

T : where X is a fresh variable

Example:

How can promc based on ?
symbol stepN : Prfl(f = g)
symbol stepM : II x, Prff(f x = g x)| V c;

Second idea: Aterm of type RS (Ealkikep] Rl (CAE -1 ]

Lambdapi can use proofs of equalities to perform a rewrite-like operation

symbol PFE : II s, II t, II X, Prtf((s
begin

end;

rules.1lp 10



Encoding of the Calculus

Summary

Structure operated on

clause

literal term

encoding as a function

encoding as an equality -> use of the rewrite tactic

11



EnCOding the CaICUIUS ?C;V-\ES (ST_W - Hy) X) (FunExtPos)T
implicit Transformations
Example: What would we receive when applying Leo-lllto a clause [(f._,, =g.,) VI ?
We would expect (f._ X =g . X) V| (|
But actually, Leo-lll derives|/l v (f._. X, =g, X))
Why does this happen?
(Simplitied) implementation of FunExtPos in Leo-lll: ' '
1. Divide literals to those to wich FunExtPos ey = g:_w) ‘ l
can be applied and the rest (f, X = gT—>I/ I
2. Apply FunExtPos A m’

3. Form a new clause

l v (-](1"—>I/XT — gT—>l/XT)

12



Encoding the Calculus

Implicit Transformations

ClVi(s

T—U T—>U)

2 =1 N X) - (FunExtPos)'

ClV (s

T—U T T—>V T

T : where X is a fresh variable

Example: What would we receive when applying Leo-lllto aclause [(f._,, =g._, ) VII7?

We would expect (f., X, =g... X) V C.

But actually, Leo-lll derives C V (.

X = 8n X)) |

Why is this relevant for our encoding?

Based on a clause such as Elisoilsiu=oN N2l @ eate) N AN

WENCE e ReeR o ielolal s lo0] stepM : 11 x, Pre@l|v [(f x = g x)p;

rather than [EyiiscilESIsoYEE

1 x, Prfd(f x =g x)| V[l

= Ve need to verify two things:

The permutation

ne application of the inference rule

13



Encoding the Calculus

Implicit Transformations: Permutation

Each rule of the calculus can pertform a number of such implicit transformations.

In a verification they can

be accounted for through additional steps in the verification

using additional rules (called accessory rules)

In this example, we need a rule that permutes two literals:

symbol permute 1 0

Prf(x V vy) - Prf(y V x) :=

rules.1lp

Note that permute neec

be generated on-the-fly!

s to mirror the structure of the clauses at hand and must thus

14



Encoding of the Calculus

Summary

Structure operated on

clause

literal term

encoding as a function

encoding as an equality -> use of the rewrite tactic

Implicit Transformations

e.g. permutation of literals

generation of permutation rule in LP

15



Encoding of the Calculus

How many LP-terms are necessary to encode a calculus rule?

o Static: One rule is sufficient (e.g. funExt)

C V (s

T—U T—>I/)

C V (s =

T—U T T—>I/ T

X) (FunExtPos)"

T : where X is a fresh variable

16



Encoding of the Calculus

How many LP-terms are necessary to encode a calculus rule?

o Static: One rule is sufficient (e.g. funExt)

* Versatile: Multipel encodings for one rule (e.g. EgFact)

16



Encoding of the Calculus

How many LP-terms are necessary to encode a calculus rule?

o Static: One rule is sufficient (e.g. funExt)
* Versatile: Multipel encodings for one rule (e.g. EgFact)
* Flexible: needs to be generated on the fly (e.g. permute)

* Exception: Some rules can simply be translated through the corresponding
Lambdapi operation (e.g. variable binding)

16



Encoding of the Calculus

Summary
Structure operated on
clause literal term
encoding as a function encoding as an equality -> use of the rewrite tactic
Implicit Transformations
e.g. permutation of literals
generation of permutation rule in LP
Adaptability
static versatile flexible

encoding as a single rule encoding of multiple rules on the fly generation




Encoding of the Calculus

Modular Encoding, e.g. (simplified) Functional Extensionality

Categorization of (PFE) Encoding Demands

Adaptability of Rule: Static
Structure operated on: Literals
Additional Transformations: Changing the order of literals, ...

React to
Implicit Transformations

Modular Encoding of (PFE)

-If the order of the literals was changed implicitly, ...
-Rewrite the proof-goal with PFE

-Refine with the (permuted) parent-formula
Apply actual

calculus rule

18



EnCOding Of the CalCUIUS CCVV(S(ST;V_HU)) (FunExtPos)T
Functional Extensionality

T—U T T—>V T

T : where X is a fresh variable

Example:

symbol stepN : Prf ((f = ) 1. Verity the permutation
We generate the rule...

symbol stepM : II x, Prf(l V
begin
have Permutation: Prf(
{refinejpermute 1 O

symool permute 1 0 : II x, II vy,
Prf(x Vvy) - Prf(y V x) :=

We can then instantiate this term to fit our

example:
permute 1 0 (£ = g) 1

Resulting in:




C \ (ST—>U o T—>y)
C V (s

T—U T T—>V T

Encoding of the Calculus
Functional Extensionality

X) (FunExtPos)'

T : where X is a fresh variable

Example:

2. Verity the PFE application

We encode the rule as an equality ...

symbol PFE : Il s, II t, II X,
Prf((s x = €t X) = =

symbol stepM :
begin
have Permutation:

assume x: I We can thus instantiate this term to fit our

have funkExt: Prf(l V (f x example:
{rewrite .[X 1n V X] ; (PFE £ g)

refine Permutation};
refine funkExt
end;

has type

20



Expressing proofs in Lambdapi

% SZS output start Refutation for sur_cantor.p

thf(skl_type, type, skl: ($i > ($i > $0))).

thf(sk2_type, type, sk2: (($i > $0) > $i)).

thf(1,conjecture, ((~ (? [A:($1i > ($i > $0))]: ! [B:(%$i > $0)]: ?

[C:$il: ((A@C) =1B)))),file('sur_cantor.p',sur_cantor)).

thf(2,negated_conjecture, ((~ (~ (? [A:($1 > ($1i > $0))]: ! [B:

($1 > $0)]1: ? [C:%i]: ((A@C) = (l. ~ O))),
B))))),inference(neg_conjecture, [status(cth)1,[1])).

thf(3,plain, ((~ (~ (? [A:($i > ($1i > $0))]: ! [B:($i > $0)]: ?

[C:$i]: ((A@C) =

(B)))))),inference(defexp_and_simp_and_etaexpand, [status(thm)],

[2])).

thf(4,plain, ((? [A:($i > ($i > $0) : -f

((A@C) = (B)))),inference(polarit

thf(5,plain, (! [A:($i > $0)] : (((si EnCOdlng 0

(A)))),inference(cnf, [status(esa)l, | PrOblemS and symbol step3
thf(6,plain, (! [A:($i > $0)] : (((skl begin

(A)))),inf (lifteq, [status(thm)] S R o :
oI lo e e Ul e [Eams T i) Definition Proof Steps Verification

(A @B)))),inf (func_ext, [status (! ’
tht(9, plain, (! [B:$1,A: (ST > $0)] : (( of a Lambdap1i of generated

(~ ( )))),inf (bool_ext, [sta; :
thf(ésg,glain,ﬂ ?Efgfm??i ngo)iﬂ? Theo ry Encod 1Nng of Proofs

((A@B) !'= (~ (skl1 @ (sk2 @ (A)) @
(($true)))),inference(eqfactor_orde; the Ca-LCU-LUS symbol step4
thf(270,plain, ((skl @ (sk2 @ (~ [A: :

@ (~ [A:$il: ~ (skl @ A @ A))))), il begin

[status(thm)], [250: [bind(A, $thf(~ LL.:%1l: ~ (SKL @ L @

C))),bind(B, $thf(sk2 @ (~ [C:$i]l: ~ (ski1 @ C @ (C))))]1])).

thf(8,plain, (! [B:$i,A:($i > %$0)] : ((~ (skl @ (sk2 @ (A)) @ B))

| (A @B))),inference(bool_ext, [status(thm)]1, [7])).

thf(18,plain, (! [B:$i,A:($i > $0)] : ((~ (skl @ (sk2 @ (A)) @

B)) | ((A@B) != (~ (skl @ (sk2 @ (A)) @B))) | ~

(($true)))),inference(eqfactor_ordered, [status(thm)], [8])).

thf(32,plain, ((~ (skl @ (sk2 @ (~ [A:%$i]: ~ (skl @ A@A))) @

(sk2 @ (~ [A:$i]l: ~ (skl @ A @ A)))))),inference(pre_uni, - Prf | :=
[status(thm)], [18: [bind(A, $thf(~ [C:$i]l: ~ (skl @ C @ ’ :
C))),bind(B, $thf(sk2 @ (~ [C:$il: ~ (skl1 @C @ C))))1])).

thf(372,plain, (($false)),inference(rewrite, [status(thm)],

[270,32])).

thf(373,plain, (($false)), inference(simp, [status(thm)], [372])).

% SZS output end Refutation for sur_cantor.p

21



Conclusion and Outlook

The current state of the encoding

[V =)oy 1 e ] %

UNIFICATION RULES UNT CLAUSIFICATION RULES CNF _ - - — - - — (Simp)
[simp(1") ~simp(r")]* V-V [simp(I") ~ simp(r")]%
CV [sg =~ s¢)0 i) CV [Xr = s¢ (Bindy’ CV[(le=rg)=T]* - CV [50]” CNENeS) CVIsE])* (AC)
C C{s/X} CV[lr ~ re]® CV [so]* sVs e sAs e [t X]TV [t (e1)]®
— — sVs — SAsS —
CVcs ~cti]f o | CV s, V1] CV [so V1,7 ONECon) sVT — T SAT  — s
ecomp 0 0 . onj
CVI[st TV .. V]~ o1, a (CEDis) CV [s5o]" SV:L s SAd el CV[s>t]*V[s~t]
CV [so]™ V [to] t=t —T t#£r — 1 (DD)
_ — {c} Cv[t()]ﬁ s=T —s s=1 —> s C\/[SZZ‘]OC
CV[Xvp 8" ~cve ti]7 gVTlEngﬁ tt fi VXr.s — s  if X ¢ fv(s) X;.s —s X & fv(s)
_ _ (FlexRigid) CV [VXz. 5] ONFALY CV [VXz.5o) CNFExiss) T'L g T.T .
i~ Y ~ ' X18ts)* = -
CV [ Xyg s ~cyz 7TV [X ~ g]l CV[so|Z/X]|" CV [so[sk fv(C)/X]]T U TS [PX]ﬁ [P(f P)|"
_ _ Vv
CV [ Xvg st~ Y,z tj]ﬁ gvi € gBih_} T: where Z; is a fresh variable for C 1: where sk is a new Skolem constant of appropriate (ACD)
— — (FlexFlex)* type
CVXyg st =Yz 1TV [X ~ gl C ff tt
- T Vis>~t [~r
: where Xe ¢ £ e oher ki  onsant PRIMARY INFERENCE RULES PZ CV [s[VXr.u] ~1]* v € Heu . | | | | (PSR)
T: where X; ¢ fv(s) : where / € ¥ is an appropriate constan Cv [S[M{V/X}] ~ l‘]a C
CVv [ST = tf]a Dv [lv = rV]& (Para)’
EXTENSIONALITY RULES EXT [s[rlz = t]*VCVDV [s|g ~ |7 @ CV s~ ¢t [ ~ |t
Cvls=q*  fi=d" o cve D S W U
CV[s, ~1,|" - CV [so ~1,]7 CV sz~ t]*V [ur ~ ve]® . C CV [s[ro], ~1]
(NBE) ac
C\/[So]ﬂ\/[to]ff C\/[S(,]ﬁ\/[to],tt C\/[S‘c i’tr]a\/[sr gur]ﬁ\/[tr 2Vﬂc]ﬁ
CV [so]V [1,]® CV [so]V [1,]F CVIPs)Tv[Pdt CVI[Pss|l
CVIH. 5 ¢ G ¢ gBL VIV =" [veT) . LEQ (AEQ)
CV [sve ~ tye]t | CV [sve ~ tye] | [He s3] €GBz e C{AX.s =X/P}V[s ~1] C{AX.AY.X =Y /P}
(PFE)" (NFE)* =
CV[s X, ~t X" C\/[sskrf:tskr]ff CV [H, Sfi]aV[HﬁG]ﬁ
T: where Xz is fresh for C i: where sk; is a Skolem term 11 if 5| is of type v and fv(s|z) C fv(s) CV [S & S] t CV [S &= I] ty [S = l‘]ff
(TD1) (TD2)

22



Conclusion and Outlook

Future Work

Problem

Encoding

Monomorphic HOL

Polymorphism

Calculus
Encoding

Core calculus

Skolemization

Extended
calculus

Type

unification

Proof
Encoding

Correct

“— T—

General encoding approaches
for common challenges

Analysis and theoretical
encoding for main calculus

Full calculus
Partial implementation

Full implementation

Evaluation

First HOL-automated
theorem prover in the

Dedukti framework

Will enable
verification of other
HOL-theorem provers
(Extension of GDV-LP)
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