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Overview of Type-Theory of Algorithms

Algorithmic Syntax-Semantics Interfaces between and within NL, L2, / LA

@ Moschovakis (1989) [10] Formal Language of full recursion, untyped

@ Moschovakis (2006) [11], via examples of Natural Language (NL):
Type-Theory of Acyclic / Full Recursion L), / L
Formal Syntax of L), + Reduction Calculus of L),

@ Open: Algorithmic Dependent-Type Theory of Situated Information
(DTTSitlnfo): situated data including context assessments:

o Loukanova (1989-1991) introduced
math of recursively defined type theory of situated info

Algorithmic CompSynSem of L7, / L;\

NL Syn <= L} /L) <= Algorithms for Comp =  Denotations
—— ~——

render Algorithmic Semantics Denotational Semantics

Algorithmic CompSynSem Interfaces
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Syntax of Lzl\a\r L;\,

Syntax of Type Theory of Algorithms (TTA): Types, Vocabulary
e Gallin Types (1975)

Ti=el|t]s|(t—=71) (Types)
@ Abbreviations
o = (s — o), for state-dependent objects of type & (1a)
€= (s —e), for state-dependent entities (1b)
t= (s —t), for state-dependent truth vals: propositions (1c)

@ Typed Vocabulary, for all o € Types

Consts, = K, = {c{,c7,...} (2a)
AV, — € Consts(; -7y, T € {t, t} (logical constants) (2b)
- € Consts(,_,,), T € {t, t} (logical constant for negation) (2c)
PureV, = {vg,v7,...} (2d)
RecV, = MemoryV,, = {p§,p7,...} (2e)
PureV, NRecV, = @, Vars, = PureV, URecV,, (2f)
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Syntax of Lzl\a\r LT)?

Definition (Terms of TTA: L), acyclic recursion /L full recursion)

A=c":0|2%:0 | BP?(C):0 | Av”)(B?): (p—0) (3a)
| AG® where {p7* := AT ...,...,p0" == A" } : g

(recursion term)

| ACAS)(AT) 7 [ V(AQ)(AT) : 7 | = (A5)(AT):7  (3¢)

| ~(B7): 7 (3d)

| Y()(BT):7 | 37)(B7): T (pure quantifiers)  (3e)

| AJ° suchthat {C]*,...,CI™ } : o (restrictor terms) (3f)

)

)

m

| ToScope(B?) : (s — ) (unspecified scope)  (3g

| C(B°(s)): & (closed scope)  (3h

@ c? € Consts,, 2% € PureV, U RecV,, v° € PureV,

e B,C € Terms, p" € RecV,,, A7 € Terms,,, CJT--’ € Terms,,

or,rie{t,tht =(s—>t) (type of propositions)
ToScope: (0 = (s = 7)), C: (0 —7), s:RecV, (state), o =t
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Type-Theory of Acyclic / Full Algorithms: L. / L, by Moschovakis [11]
Algorithmic CompSynSem of L7, / L}

NL Syn <= L} /L} <= Algorithms for Comp =  Denotations
—— ~—_——

render Algorithmic Semantics Denotational Semantics

Algorithmic CompSynSem Interfaces

e Denotational Semantics of L, / L?: by induction on terms

@ Algorithmic Semantics of LY, / L2
For every algorithmically meaningful A € Terms:

o cf(A) determines the algorithm alg(A) for computing den(A)
o Reduction Calculus A = B of L), / L}: by (104) reduction rules

@ The reduction calculus of L), / L is effective
Theorem: For every A € Terms, there is unique, up to congruence,
canonical form cf(A), such that:

A =cf Cf(A)

o In a series of papers, | extend L, / L? by new computational
facilities, see Loukanova [1, 2, 3, 4, 5, 6, 7, 8, 9]



Chain Rule
Reduction Calculus hm

The optional chain rule removes steps of repeated savings via chain-like

term assignments. No need of logging the info in g:
°q:=p, p=A4A
o ¢:=\7¥)(p(¥)), p:=A (modulo \-abstraction)

Chain Rule

For any A, A; € Terms, p,q,p; € RecVars, y; € PureVars, such that
A;{q:=p} is the replacement of all occurrences of ¢ in A; with p,

forie{l,...,n}, je{l,...,m} (n,m >0),
C = [AO where { ¢ := /\(7)(])(7)), pi= A p = Ay,
oy Pn = An}]

= D = [Ao{q:=p} where {p:=A,p1 :==A1{q:=p},
-y Pn ZZAn,{qiEp}H
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Chain Rule
Reduction Calculus Algorithmic Semantics + Restrctor: Examples
Compositional Memory: SynSem Interface

Algorithmic Semantics of Basic Arithmetic Expressions: Simple Examples

@ Algorithmic difference between the following denotationally equal

terms:
Ay =n/d where {n := (a1 + a2), (5a)
parametric pattern of an algorithm

ay =200, ag =40, d:=6 } (5b)
algorithmic instantiation of memory slots

By = n/d where {n := (a1 + a2), (6a)
ay ‘= 120, ag ‘= 120, d:= 6} (6b)

C =n/dwhere {n:=(a+a), a:=120, d:=6} (7)

@ How to add the restriction d # 07
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Ay = [(n/d suchthat {n,d € N, d # 0})] where {n := (a1 + ay),

restrictor term R

parametric pattern of an algorithm

(8a)
aj =200, ag :=40, d:=6 } (8b)

algorithmic instantiation of memory slots

By = [(n/dsuchthat {n,d € N, d # 0})] where {n := (a1 + az),

restrictor term R

ay ‘= 120, ag = 120, d:= 6} (gb)

Cy = [(n/dsuchthat {n,d € N, d # 0})] where {n := (a +a), (10a)

restrictor term R

a:=120, d:=6} (10b)
| —



Reduction Calculus / emantics + Restrctor: Examples
Compositional Memory: SynSem Interface

Compositional SynSem Interface

@ The syntactic components are rendered directly into canonical forms:

the ©"% d where {d := the } : (€ — ©) — @) (11a)
[the cube]xp Lender, 70 = i where {i:=d(c), d := the, (11b)
= cube®79} € (11c)

~—

specification of ¢
[is large]yp tender, Tistarge = b where {b:=isLarge} : (€ — t) (11d)

@ Composition of the sub-terms directly into canonical forms:

{[The cube]yp, [is large]vr }s fender, 2 Cf(TisLarge(TO)) (12)

T = Tisrarge(T°) 1 £ (state-dependent proposition)
= b(e) where { e := 1,1 := d(c),d := the, ¢ := cube, (13)
b:=isLarge} :t  (without (chain) rule)

10 /17



Chain Rule
Reduction Calculus Algc mantics + Restrctor: Examples
Compositional Memory: SynSem Interface

Compositional SynSem Interface

@ The chain-like assignments in (14a) is the result of the application
rule

@ The information saved in i is copied in the memory slot d

@ The (chain) rule removes copies of memory, by suitable
replacements, e.g., the memory slot e in (14a), resulting the
canonical term in (14b)

T! = TisLarge(To) t (state-dependent proposition)
= b(e) where { e := 1,7 := d(c),d := the, ¢ := cube, (14a)
b:=isLarge } :t (without (chain) rule)
T =, b(i) where {i := d(c),d := the, ¢ := cube, by (chain)
b:=isLarge} =T? : t

(14b)
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Conclusion

Conclusion

@ The recursion terms in canonical forms provide algorithmic logging
of the results of the computations

o The algorithmic semantics of L), L is determined by
the canonical forms cf(A):

Syntax of L, (L) = Algorithms: alg(A) = alg(cf(A)) = Denotations den(A)

Algorithmic Semantics of Lér(Lﬁ)

Looking Forward!
Thanks!
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