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1 AlI-calculus modulo

Lambdapi

AI1-calculus modulo Written Ix: T. S,

e.qg. llx : Nat.array(x)
> HOL +|dependanttypes | TEEiiidey
Written [ < r, replace
+ /4
occurrences of [ with r

+ Meta-logical type of types (called TYPE) e.q: arrayy,, .7vpe



>411 1 AlI-calculus modulo

Leo-III Lambdapi

AI1-calculus modulo Written Ix: T. S,

e.qg. llx : Nat.array(x)
> HOL +|dependanttypes | TEEiiidey
Written [ < r, replace
+ /4
---------- occurrences of [ with r

+ Meta-logical type of types (called TYPE) e.q: arrayy,, .7vpe

= En nd check proofs following th

Proofs are encoded as terms, their types are the
propositions they proof and logical connectives
are identified with type constructors
[Brouwer/5,Curry34,Heyting30,Howard80,Kolm
ogoroff32]
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>411 1 AlI-calculus modulo

Leo-III Lambdapi

JIT-calculus modulo Written Ilx:T. S,
" e.qg. llx : Nat.array(x)
. > HOL +|dependanttypes | EEEiidea
Extensional Type Theory (ExTT) - -
: Written [ < r, replace

- . +
- HOEs sxiensionaliy = I S occurrences of [ with r

+ choice

+ Rank-1 Polymorphism

Underlying + Meta-logical type of types (called TYPE) e.qg: arrayy,,_rypx

Logic

= En nd check proofs following th

Proofs are encoded as terms, their types are the
propositions they proof and logical connectives
are identified with type constructors
[Brouwer/5,Curry34,Heyting30,Howard80,Kolm
ogoroff32]
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>411 1 AlI-calculus modulo

Leo-111 Lambdapi

Encodings of the All-calculus modulo
Standard Library -> HOL + dependant types

[Blanqui23] + rewriting

Extensional Type Theory (ExTT)
-> HOL + extensionality

+ choice Set : TYPE

+ Rank-1 Polymorphism

Underlying

Logic
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Encodings of the All-calculus modulo
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[Blanqui23] + rewriting
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+ choice Set . TYPE
+ Rank-1 Polymorphism
o : Set L Set
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Underlying
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ExTT, Problems | 3 2 AMT-calculus modulo

Leo-111 Lambdapi

Encodings of the All-calculus modulo
Standard Library -> HOL + dependant types

[Blanqui23] + rewriting

Extensional Type Theory (ExTT)
-> HOL + extensionality

+ choice . TYPE T . Set - TYPE
+ Rank-1 Polymorphism Gt L Sef
0o . D€ .

w1 Set — Set — Set

T(UwLU) S TU—TU
4

|
. | |
Rewrite rules [

Underlying

Logic

][l—>l
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Encodings of the All-calculus modulo
Standard Library -> HOL + dependant types

[Blanqui23] + rewriting

Extensional Type Theory (ExTT)
-> HOL + extensionality

+ choice . TYPE T . Set - TYPE
+ Rank-1 Polymorphism Gt L Sef
0o . D€ .

w1 Set — Set — Set
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4

|
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Underlying
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ExTT, Problems | 3 2 AMT-calculus modulo

Leo-111 Lambdapi

Encodings of the All-calculus modulo
Standard Library -> HOL + dependant types

[Blanqui23] + rewriting

Propositions

Extensional Type Theory (ExTT) as types!

-> HOL + extensionality

+ choice . TYPE T . Set - TYPE
+ Rank-1 Polymorphism Gt L Sef
0o . D€ .

w1 Set — Set — Set

T(UwLU) S TU—TU
4

|
.....

Underlying

Logic

][l—>l

Proof Step =:T1¢t:Set.7(t w t w 0)
Jio = 815
. 7 7170 — TYPE
step,, : 7(f = g)

o
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Leo-1II1
eo Lambdapi

Al'l-calculus modulo
EP

-> HOL + dependant types
+ rewriting

(a calculus for Extensional Higher-

Order Paramodulation)

Encoded Rules

W N

Propositions
as types!

step, :llx:71.2(fx =g x)
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EP 1

Encoded Rules

W N

Leo-III Lambdapi

Al'l-calculus modulo
EP

-> HOL + dependant types
+ rewriting

(a calculus for Extensional Higher-

Order Paramodulation)

Propositions
as types!

Dependant types

L 4
——————

PFE : Ils:t(uwv).1lt:t(uw~»v).llx:7u.
‘ n(s=1) - n(sx =1Xx)

step, :llx:71.2(fx =g x)
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Al'l-calculus modulo
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+ rewriting

(a calculus for Extensional Higher-
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W N

Propositions
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PFE : 1lu: Set.1llv : Set.
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Leo-1II1
eo Lambdapi

Al'l-calculus modulo
EP

-> HOL + dependant types
+ rewriting

(a calculus for Extensional Higher-

Order Paramodulation)

Encoded Rules

W N

Propositions
as types!

PFE : 1lu: Set.1llv : Set.
IIs:t(uw~v).Ilt:ct(u~»v).llx:7Uu.

1
1
|
1

ns=1t) o> nalsx=tx):=...

step, :llx:71.2(fx =g x)
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Leo-III Lambdapi

All-calculus modulo
-> HOL + dependant types
+ rewriting

Encoded Rules

W N

(a calculus for Extensional Higher-

Order Paramodulation) (n(f=g) = #a(fx=gx))
— n((f=8) VD)
— 2((fx=gx) Vi)

Propositions

EP We need a function of type... as types!
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Leo-111 3
e Lambdapi

All-calculus modulo
-> HOL + dependant types
+ rewriting

Rule modifying the
literal

(a calculus for Extensional Higher-
Order Paramodulation)

Propositions

EP
We need a function of type... as types!

““““ S (@(f=g) = a(fx = gx)
- a((f=8) V)
= a((fx=gx) Vi)
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Leo-1II1
eo Lambdapi

All-calculus modulo
-> HOL + dependant types
+ rewriting

Rule modifying the
literal

(a calculus for Extensional Higher-
Order Paramodulation)

Propositions

EP
We need a function of type... as types!

~~~~ -b(yz'(fz g) — ﬂ(f.x: gx))
________ 2> a((f=g Vi)
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All-calculus modulo
-> HOL + dependant types
+ rewriting

Rule modifying the
literal

(a calculus for Extensional Higher-
Order Paramodulation)

Propositions

EP
We need a function of type... as types!
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-------- o al(f=g VD)
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EP 1

g Encoded Rules
Leo-II1 Lambdapi

All-calculus modulo
-> HOL + dependant types
+ rewriting

Rule modifying the
literal

Propositions

EP
(a calculus for Extensional Higher-

Order Paramodulation)

We need a function of type... as types!

“““““ “(a(f=g) = a(fx = gx))
-------- o al(f=g VD)
Modified clause . = a((fx = gx) VvV I)

This can be proven as the following theorem:

transform 111" : 7o .

transform (f X = g X)
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Rule modifying the
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“““““ “(a(f=g) = a(fx = gx))
-------- o al(f=g VD)
Modified clause . = a((fx = gx) VD)

N
N
N
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This can be proven as the following theorem:

(fit = 80 V by : : List of terms of type o __
~— -> original clause R Natural numbers
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Leo-III Lambdapi

All-calculus modulo
-> HOL + dependant types
+ rewriting

Rule modifying the
literal

(a calculus for Extensional Higher-
Order Paramodulation)

Propositions

EP We need a function of type... as types!

“““““ “(n(f=g) = n(fx = gx))
-------- o a((f=8) VD
Modified clause _ _I—= a((fx = gx) V [)

N
N
N
N
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N
§~
N

This can be proven as the following theorem:

(fo, =8 )V, __ : : List of terms of typeo ..~
T— -> original clause v T Natural numbers
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Leo-III Lambdapi

All-calculus modulo
-> HOL + dependant types
+ rewriting

Rule modifying the
literal

(a calculus for Extensional Higher-
Order Paramodulation)

Propositions

EP We need a function of type... as types!

“““““ “(n(f=g) = n(fx = gx))
-------- o a((f=8) VD
Modified clause _ _I—= a((fx = gx) V [)

N
N
N
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N
N
§~
N

This can be proven as the following theorem:

(fo, =8 )V, __ : : List of terms of typeo _
T— -> original clause v T Natural numbers
— _ transform : 111" : 7o .Ml c:Lo. Ml n: N. = lndexorliteral
_ <
(fl—>zX — gl—>lX) v lo ﬂ((nth 1 c l’l) = l,)

— n(disj c)
— n(disj(set_nth L cnl’)) .= ...

transform (f X
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EP 2 Fneaded Ryles

Leo-: Further Meta-Theorems: mbdapi
ysitions
EP yes!
(a cal
Orde
es =
e

https://github.com/melanie-taprogge/Leo-III-lambdapi-lib/blob/main/MetaTheorems.lp
transtorm (T X =g X) ((t =gqg) :: LU i 0O ©

8
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EP 2 Fneaded Ryles

- Further Meta-Theorems: nbdapi
ysitions
EP select yes!
(a cal
Orde
Given a proof of a conjunction of clauses,
proof an arbitrary one of the clauses

(fisr =
-
(fio X = ¢

https://github.com/melanie-taprogge/Leo-III-lambdapi-lib/blob/main/MetaTheorems.lp
transtorm «r A =g A) \\T = ¢0g) .. L .. [)
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EP 2 Fneaded Ryles

Leo-! Further Meta-Theorem

(lyVIiVv...VL)

EP select - permute
(a cal Usioy V Iy V -V L)
Orde . . . . .
Given a proof of a conjunction of clauses, Given a proof of a disjunction of literals,
proof an arbitrary one of the clauses proof an arbitrary permutation of them
(fisr =
-
(fio X = ¢

https://github.com/melanie-taprogge/Leo-III-lambdapi-lib/blob/main/MetaTheorems.lp

transtorm «r A =g A) \\T =0g) .. L ..
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EP x| 2 Fncaded Rules

Leo-! Further Meta-Theorem

(lyVIiVv...VL)

EP select - permute

(a cal Usioy V Iy V -V L)

Orde . . . . .
Given a proof of a conjunction of clauses, Given a proof of a disjunction of literals,

proof an arbitrary one of the clauses proof an arbitrary permutation of them
: VILV...VILV...VI
(-fl—>l" ; l k delete
V...VLVv...VI[
(ﬁ_>lX=‘é Given a proof of a disjunction of literals, proof

that any double occurrences can be omitted

https://github.com/melanie-taprogge/Leo-III-lambdapi-lib/blob/main/MetaTheorems.lp

transtorm «r A =g A) \\T =0g) .. L ..

M. Taprogge, WG2 Symposium, 11.09.25
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Found Proof 1 Encoded Proof

W N

Leo-I11
Le Lambdapi

(a calculus for Extensional Higher-
Order Paramodulation)

EP

(f;—>l — gl—>l) v ZO---
stepn : NN (x = T 1),
— n ((f x=9gx) v 1) =

assume X;
refine transform [f x = g x] ((f =g) :: 1 ::0O) ©
(PFE 1 v f g x) step_m;
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Found Proof 4 Encoded Proof

2
3

Leo-1II11 Lambdapi

actics make constructing proof-terms more convenient!
e.g: Simplification

(s=1)V...

(simp(s) = simp(t)) V ...
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Leo-1II11 Lambdapi

actics make constructing proof-terms more convenient!
e.g: Simplification

(s=1)V...

(simp(s) = simp(t)) V ...

-
~
------

simp: Exhaustively
apply boolean identities
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Found Proof Encoded Proof

Leo-1II11 Lambdapi

actics make constructing proof-terms more convenient!

e.g: Simplification

(s=1)V...

(simp(s) = simp(t)) V ...

tactic can use proofs of equalities to modify

substructures of terms.

-
~
------

simp: Exhaustively
apply boolean identities

—((a,Na,) =a,)

‘<
1
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Found Proof Encoded Proof

Leo-1II11 Lambdapi

actics make constructing proof-terms more convenient!
e.g: Simplification A

(s=1)V...

Ix :70. n((x A X) = x)

idem

(simp(s) = simp(t)) V ...

tactic can use proofs of equalities to modify

substructures of terms.

-
~
------

simp: Exhaustively
apply boolean identities

—((a,Na,) =a,)

‘<
1
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Found Proof Encoded Proof

Leo-1II11 Lambdapi

actics make constructing proof-terms more convenient!
e.g: Simplification A

(s=1)V...

Ix :70. n((x A X) = x)
= o 11X 17O . T(Xx=%x) =T )
Theg im(2 T =1)
tactic can use proofs of equalities to modify

substructures of terms.

idem

(simp(s) = simp(t)) V ...

-
~
------

simp: Exhaustively
apply boolean identities

—((a,Na,) =a,)

‘<
1
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Encoded Proof
Lambdapi

Tactics make constructing proof-terms more convenient!

Found Proof 1

Leo-111

W N

Ix :70. n((x A X) = x)

e.g: Simplification
J P /\idem .

(s=1)V...

[Ix:70. a((x=x)=T )

—idem-*

Tneg:ﬂ(—lT=J_)
_________ tactic can use proofs of equalities to modify

simp: Exnaustively substructures of terms.
apply boolean identities

(simp(s) = simp(t)) V ...

:a)) :J_) =

have simpStep: m ((=((a A a)

—((a,Na,) =a,)

‘<
1
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Found Proof 1 Encoded Proof

W N

Leo-III Lambdapi

Tactics make constructing proof-terms more convenient!
e.g: Simplification

(s=1)V...

A Ix :70. n((x A X) = x)
= o 11X 17O . T(Xx=%x) =T )
Theg im(2 T =1)
tactic can use proofs of equalities to modify

substructures of terms.

idem

(simp(s) = simp(t)) V ...

-
~
------

simp: Exhaustively
apply boolean identities

have simpStep: m ((=((a A @) = a)) = 1) :=

rewrite A_1dem; rewrite =_1idem; rewrite -T;
—((a,Na,) =a,)

‘<
1
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Found Proof 1 Encoded Proof

W N

Leo-III Lambdapi

Tactics make constructing proof-terms more convenient!
e.g: Simplification

(s=1)V...

A Ix :70. n((x A X) = x)
= o 11X 17O . T(Xx=%x) =T )
Theg im(2 T =1)
tactic can use proofs of equalities to modify

substructures of terms:

idem

(simp(s) = simp(t)) V ...

-
~
------

simp: Exhaustively
apply boolean identities

have simpStep: m ((=((a A @) = a)) = 1) :=

rewrite A_1dem; rewrite =_1idem; rewrite -T;

~((a, AN a,) = a,) reflexivity

’

‘<
1
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Found Proof 1 Encoded Proof

W N

Leo-III Lambdapi

Tactics make constructing proof-terms more convenient!
e.g: Simplification

(s=1)V...

A Ix :70. n((x A X) = x)
= o 11X 17O . T(Xx=%x) =T )
Theg im(2 T =1)
tactic can use proofs of equalities to modify

substructures of terms:

idem

(simp(s) = simp(t)) V ...

-
~
------

simp: Exhaustively
apply boolean identities

have simpStep: m ((=((a A @) = a)) = 1) :=

rewrite A_idem; rewrite =_1dem; rewrite -T;
~((a, ANa,) = a,) reflexivity

’

‘<
1 Note: this can directly be used to encode Leo-lll rule RW!

10
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Found Proof Encoded Proof

Leo-111 Lambdapi

actics make constructing proof-terms more convenient!
e.g: Simplification A

(s=1)V...

Ix :70. n((x A X) = x)
= o 11X 17O . T(Xx=%x) =T )

Theg im(2 T =1)

-------- User-defined tactics via EEVEIN, B ICISER, BGEEIN, . ¢

simp: Exhaustively
apply boolean identities

idem

(simp(s) = simp(t)) V ...

—((a,Na,) =a,)

‘<
1

M. Taprogge, WG2 Symposium, 11.09.25 11



Found Proof 1 Encoded Proof

W N

Leo-III Lambdapi

Tactics make constructing proof-terms more convenient!
e.g: Simplification

(s=1)V...

A Ix :70. n((x A X) = x)
= o X 70 T(Xx =x) =T )
Theg im(2 T =1)

IRTIEP User-defined tactics via EEVEIN, B ICISER, BGEEIN, . ¢

simp: Exhaustively
apply boolean identities

idem

(simp(s) = simp(t)) V ...

simp_tac:= #repeat (#reflexivity #orelse

(#rewrite A_idem) #orelse ..);

—((a,Na,) =a,)

‘<
1
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Found Proof 1 Encoded Proof

W N

Leo-III Lambdapi

Tactics make constructing proof-terms more convenient!
e.g: Simplification

(s=1)V...

A Ix :70. n((x A X) = x)
= o 11X 17O . T(Xx=%x) =T )

Theg im(2 T =1)

User-defined tactics via TN NSO TSR, -

simp_tac:= #repeat (#reflexivity #orelse
(#rewrite A_idem) #orelse ..);

idem

(simp(s) = simp(t)) V ...

-
~
------

simp: Exhaustively
apply boolean identities

—((a, ANa,) = a,) have simpStep: nm ((—=((a A a) = a)) = 1) :=

eval simp_tac;
’

‘<
1
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3

Corresponding
Lambdapi operation?

Lambdapi

Deciding how
inference rule
should be encoded

Encoding as ...

Application to the via corresponding

cla |
use tactic(s)
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Deciding hOW
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should whole clause m
Parent-child-relationship

directly /
using transform
PFE

Lambdapi

Application to the via corresponding

clause tactic(s)
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2 Encoded Rules

3

Corresponding

Lambdapi operation? m
Deciding how
inference rule Structure operated on

should be encoded

Lambdapi

whole clause

Parent-child-relationship
cquivalent
directly /
using transform
PFE

an equality

B
|

Application to the via corresponding using the rewrite

clause tactic(s) tactic

Simp

12



Found Proof Encoded Proof

Leo-1I11

EP

(a calculus for Extensional Higher-
Order Paramodulation)

P N

(fz—>z — gl—>l) N lO -~--

N
P

e.qg PFE:

ST—>I/ — tT—>U

s X =t

T—U 7T T—U 7T

(-][l‘—i‘lX — gl—>lX) v ZO<-

g
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Leo-1I11

EP

(a calculus for Extensional Higher-
Order Paramodulation)

P N

(fz—>z — gl—>l) N lO -~--

N
P

e.qg PFE:

ST—>I/ — tT—>U

s X =t

T—U 7T T—U 7T
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Found Proof 1 Encoded Proof

2
3 4

Leo-II1 .
Lambdapi

----------------

P B coia((fx=gx Vv ple

(a calculus for Extensional Higher- I L

Order Paramodulation)

P N

(fz—>z — gl—>l) N la - -
Sty = tz-—>
P N
S, -
l V(81—>1X=f_>lX) TV T T % T-
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Found Proof 1 Encoded Proof

4
Leo-III Lambdapi

(a calculus for Extensional Higher- S
Order Paramodulation)

2
3

EP

=gym: 11 2 Set . Ix : tt. 11y : 7¢.

step, : llx:71.x(lV (g x=fx)) «- T ﬂ((x=y)=(y=x))

e.g PFE:
(Af;—>l — gl—)l) v ZO -~ g
Sty = Ly
s X =t _ X Identify possible additional
— <- (2nd 2 TV
by V (8. X = £, X) i - nodifications and encode them

as inference rules
- —
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Found Proof .=. Encoded Proof
_-  Lambdapi

symbol step_m : n((f =g) v 1) = ..

symbol step_.n : N x, m(l v (g x=°F x)) =
begin
assume X;

14
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Found Proof .=. Encoded Proof
Leo-IT  Lambdapi

symbol step_m : n((f =g) v 1) = ..

symbol step_.n : N x, m(l v (g x=°F x)) =
begin
assume X;

have FunExtApp: m((f x = g x) v 1)
{refine transform [f x = g X]

((f =qg) :: L::o) @ (PFE 1 1 f g x) step_n};

1. Apply the inference rule via transform/
rewrite/ application to function (e.g. PFE)

14
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Found Proof -=. Encoded Proof
Leo-IT  Lambdapi.

symbol step_m : n((f =g) v 1) = ..

symbol step_.n : N x, m(l v (g x=°F x)) =
begin
assume X;

have FunExtApp: m((f x = g x) v 1)
{refine transform [f x = g X]

((f =qg) :: L::o) @ (PFE 1 1 f g x) step_n};

1. Apply the inference rule via transform/
rewrite/ application to function (e.g. PFE)

have ImplicitTransformations: m((g x = f x) v 1)
{rewrite (=_sym (g x) (f x));
refine FunExtApp};

2. Verify the other implicit transformations
effecting single literals (e.g. eqgSym)

14
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Found Proof -=. Encoded Proof
Leo-IT  Lambdapi.

symbol step_m : n((f =g) v 1) = ..

symbol step_.n : N x, m(l v (g x=°F x)) =
begin
assume X;

have FunExtApp: m((f x = g x) v 1)
{refine transform [f x = g X]

((f =qg) :: L::o) @ (PFE 1 1 f g x) step_n};

1. Apply the inference rule via transform/
rewrite/ application to function (e.g. PFE)

have ImplicitTransformations: m((g x = f x) v 1)
{rewrite (=_sym (g x) (f x));
refine FunExtApp};

2. Verify the other implicit transformations
effecting single literals (e.g. eqgSym)

3. Apply the implicit transformations
effecting the whole-clause (e.g. permutation)

refine permute (1 :: 0 :: O)
((gx=°Ffx) ::1::0) 17+ ImplicidTransformations

end:

14
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Found Proof -=. Encoded Proof
Leo-TII  Lambdapi.

symbol step_m : n((f =g) v 1) = ..

symbol step_.n : N x, m(l v (g x=°F x)) =
begin
assume X;

0 . Apply any implicit transformations
necessary to apply inference rules

have FunExtApp: m((f x = g x) v 1)
{refine transform [f x = g X]

((f =qg) :: L::o) @ (PFE 1 1 f g x) step_n};

1. Apply the inference rule via transform/
rewrite/ application to function (e.g. PFE)

have ImplicitTransformations: m((g x = f x) v 1)
{rewrite (=_sym (g x) (f x));
refine FunExtApp};

2. Verify the other implicit transformations
effecting single literals (e.g. eqgSym)

3. Apply the implicit transformations
effecting the whole-clause (e.g. permutation)

refine permute (1 :: 0 :: O)
((gx=°Ffx) ::1::0) 17+ ImplicidTransformations

end:

14
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Current State

(partial) implementation of proof
steps encoded in Lambdapi for 14
of the 26 Leo-lll rules relevant for
the encoding!

M. Taprogge, WG2 Symposium, 11.09.25 15



Current State

(partial) implementation of proof
steps encoded in Lambdapi for 14
of the 26 Leo-lll rules relevant for
the encoding!

Coverage & Proof Statistics

Metric Value
Provable problems 1691
Total proof steps 32175
Encoded steps 20807
Encoding coverage 65 %
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Implementation Progress
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CV[so[Z/X]]" C V [so[sk £v(C) /X])7

T: where Z; is a fresh variable for C i: where sk 1s a new Skolem constant of appropriate

type

PRIMARY INFERENCE RULES PZ

EXTENSIONALITY RULES EXT

CV [so = t,|®

CV [so]® V [t,]"
CV [so]TV [t,]®

(PBE)

CV [syr ~ ty|®
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(PFE)*

+: where X7 is fresh for C
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Encoded Proof

Lambdapi

Found Proof

Leo-111

_ require open StdLib... ;
Encoding of
Problems and

Proof Steps

Verification
of generated
Proofs

Definition
of a Lambdapi

Theory symbol axiom_1 : .. ;

4

Encoding of
the Calculus
Rules

3

symbol proof: conjecture
begin

step_m: ..

{.}:

step_n: ..

{..}:

end;



