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AUTOMATED THEOREM PROVER (ATP)
INPUT ATP OUTPUT

e AXIiOMS

,—fﬁﬁ
. b

Proof trace

e (negated) conjecture

e Sequehce / directed graph

of (first-order) formulas
o Can be used as a

“blaclke box”

e Which premises and

\ J\\ = infereince rules were used
o Complex piece of software

- o Should be enough to
o Big trusted code base . recomstruct the proof



FROM VAMPIRE TO DEDUKTI

INPUT ATP | TP

Translation

A '_\\\y/-' of proof trace ‘
>
-

v

VERIFIED

e (negated)
conjecture
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WHY OUTPUT VAMPIRE PROOFS TO
DEDUKTI?

* Find unsoundness bugs

» Have high degree of contidence

» Interoperability of proofs

e Bugs have been found and
some are Lf,wei.j still there.

o Potential for hammers
s Mosk recent unsoundess \fampim
bug: January RN 20285,
UIWA + HO



VAMPIRE

« First-order system, extended with:
* reasoning with theories
* induction
* higher-order logic

« Saturation based theorem prover

« Employs a number of techniques: indexing,
scheduling, ordered rewriting, AVATAR, heuristics, etc.
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WHY DEDUKTI?

e Choir: Interoperability, has a
small trusted kernel, powerful
enough to express our
language

e Scales reasonably well:
designed to machine check
large proofs
(unlike lambdapi?)
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- WHAT ARE WE DOING

e Proof format "-p dedukti” (on vampire branch dedukti)

vampire $problem -p dedukti - - proof_extra full | dk check

» Using standard Dedukti encoding of FOL and Dedukti semantics
encode concrete instances of Vampire inferences

» Sometimes need to store extra information in the proof:
"—proot_extra full”

- More own that laker



STANDARD ENCODING OF FOL IN DEDUKTI



(; Prop ;)

Prop : Type.

def Prf : (Prop —> Type).

true : Prop.

[] Prf true ——> (r : Prop -> ((Prf r) —> (Prf r))).

false : Prop.

[1 Prf false —> (r : Prop —> (Prf r)).

not : (Prop —> Prop).

[p] Prf (not p) —> ((Prf p) == (r : Prop —> (Prf r))).

and : (Prop => (Prop -> Prop)).

[p, ql Prf (and p q) —> (r : Prop —> (((Prf p) — ((Prf q) — (Prf r))) — (Prf r))).
or : (Prop -> (Prop -> Prop)).

[p, q] Prf (or p q) -——> (((Prf p) -> (Prf false)) -> (((Prf q) -> (Prf false)) -> (Prf false))).
imp : (Prop -> (Prop -> Prop)).

[p, q] Prf (imp p q) == ((Prf p) -> (Prf q)).

iff : Prop —> Prop —-> Prop.

[p, ql Prf (iff p q) —— (Prf (and (imp p q) (imp q p))).

(; Set ;)

Set : Type.

injective ELl : (Set -> Type).
iota : Set.

inhabit : A : Set —> El A.

(; Equality ;)
def eq : a : Set - EL a -=> EL a —> Prop.
[a, x, y] Prf (eq a xy) ——>p : (ElL a => Prop) —> Prf (p x) —> Prf (p y).
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(; Prop ;)

Prop : Type.

def Prf : (Prop —> Type).

true : Prop.

[] Prf true ——> (r : Prop —> ((Prf r) —> (Prf r))).
false : Prop.

[1 Prf false —> (r : Prop —> (Prf r)).

not : (Prop —> Prop).

[p] Prf (not p) = ((Prf p) > (r & Prop —> (Prf r))). CGreleral or instantiaked

and : (Prop => (Prop -> Prop)).

[p, q] Prf (and p q) ——> (r : Prop -> (((Prf p) —> ((Prf q) —> (Prf r))) — (Prf r))). ML& ,{&{se
. (D . «

. 0] —> 0D —> - oD
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(; Prap ;)

Prop : Type.

def Prf : (Prop —> Type).

true : Prop.

[] Prf true ——> (r : Prop —> ((Prf r) —> (Prf r))).
false : Prop.

[1 Prf false —> (r : Prop —> (Prf r)).

not : (Prop —> Prop).

[p] Prf (not p) —> ((Prf p) —> (r : Prop —> (Prf r))). G’Q QT‘&L QT‘ iMS&&M&EQ%Qd

and : (Prop => (Prop -> Prop)).

[p, q]l Prf (and p q) —> (r : Prop —=> (((Prf p) —> ((Prf q) —> (Prf r))) —> (Prf r))). ML& {&tse
.

C : _'__oo AV.,.OI otz :_Ol.
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(; Prop ;)

Prop : Type.

def Prf : (Prop —> Type).

true : Prop.

[] Prf true ——> (r : Prop —> ((Prf r) —> (Prf r))).
false : Prop.

[1 Prf false —> (r : Prop —> (Prf r)).

not : (Prop —> Prop).

[p) Prf (not p) —> ((Prf p) —> (r : Prop = (Prf 1)), CGreheral or insktanktiaked

and : (Prop -> (Prop -> Prop)).

[p, q] Prf (and p q) ——> (r : Prop -> (((Prf p) —> ((Prf q) —> (Prf r))) — (Prf r))). ML& ,{&ise
«

. : _'__00 A,',.'l otz :.".

§Ip. ql Prf (or pq) ——> (((Prf p) —> (Prf false)) —> (((Prf q) —> (Prf false)) —> (Prf false)))
imp : (Prop -> (Prop —> Prop)).

[p, q]l Prf (imp p q) -— ((Prf p) -> (Prf q)).

iff : Prop -> Prop -> Prop. (; Quant ;)

[p, gl Prf (iff p q) -— (Prf (and (imp p g) (imp q p))). [forall : (a : Set —> (((EL a) —> Prop) -> Prop)).
[a, p] Prf (forall a p) —> (x : (E1 a) —> (Prf (p x))).

(; Set ;) exists : (a : Set == (((ElL a) = Prop) -> Prop)).

Set : Type. [a, p] Prf (exists a p) —> (r : Prop —> ((x : (El a) —> ((Prf (p x)) —> (Prf r))) — (Prf r))).

injective EL : (Set —-> Type).
: . Qe (; polymorphic quantifier ;)

forall_poly : (Set —> Prop) -> Prop.
[p] Prf (forall_poly p) —> a : Set — Prf (p a).

{inhabit : A : Set —> ELA. |
(; Equality ;)
1SN B8 -1 > T _> s ,;.,-, — 0] 0¥ PN

ﬂa, x,}y]APffd(eq a X y) —-=> p . (EL a —>»Prbb)y—SwPff”(pwxfh—>«Pffw(pY)%i

‘Poi.jmarpkw Leibniz encoding of equaliby,




(; Clauses ;)

def prop_clause : Type.

def ec : prop_clause.

def cons : (Prop —> (prop_clause —> prop_clause)).

def clause : Type.

def cl : (prop_clause —> clause).

def bind : (A : Set -=> (((E1 A) —> clause) -> clause)).
def bind_poly : (Set —> clause) —> clause.

def Prf_prop_clause : (prop_clause —> Type).

[1 Prf_prop_clause ec ——> (Prf false).

[p, c] Prf_prop_clause (cons p ¢c) ——> ((Prf p —> Prf false) -> (Prf_prop_clause c)).
def Prf_clause : (clause -> Type).

c] Prf_clause (cl c) ——> (Prf_prop_clause c).

A, f] Prf_clause (bind A f) —— (x : (El1 A) —> (Prf_clause (f x))).

f] Prf_clause (bind_poly f) ——> (alpha : Set —> (Prf_clause (f alpha))).

def av_clause : Type.

def acl : clause —> av_clause.

def if : Prop —> av_clause —> av_clause.
def Prf_av_clause : av_clause —> Type.

[c] Prf_av _clause (acl c) —— Prf_clause c.
[sp, c] Prf_av_clause (if sp c) ——> (Prf (not sp) —-> Prf false) —> Prf_av_clause c.
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def prop_clause : Type.

def ec : prop_clause.

def cons : (Prop —> (prop_clause -> prop_clause)).

def clause : Type.

def cl : (prop_clause —> clause).

def bind : (A : Set -=> (((E1 A) —> clause) -> clause)).

def bind_poly : (Set —> clause) —-> clause.

def Prf_prop_clause : (prop_clause —> Type).
Encoding of disjunction in clauses.

[l Prf_prop_clause ec ——> (Prf false). ~ «J 7

[p, c] Prf_prop_ clausef(cdnsp c)ﬁ——>f((Prfp —>'Prf false)f—> (Prf_prop_clause c)).

def Prf_clause : (clause -> type).

c] Prf_clause (cl c) ——> (Prf_prop_clause c).

A, f] Prf_clause (bind A f) —— (x : (El1 A) —> (Prf_clause (f x))).

f] Prf_clause (bind_poly f) ——> (alpha : Set -> (Prf_clause (f alpha))).

def av_clause : Type.

def acl : clause —> av_clause.

def if : Prop —> av_clause —> av_clause.
def Prf_av_clause : av_clause —> Type.

[c] Prf_av _clause (acl c) ——> Prf_clause c.
[sp, c] Prf_av_clause (if sp c¢) ——> (Prf (not sp) -> Prf false) —> Prf_av_clause c.
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def clause : Type.

def cl : (prop_clause —> clause).

def bind : (A : Set -=> (((E1 A) —> clause) -> clause)).
def bind_poly : (Set —> clause) —> clause.

def Prf_prop_clause : (prop_clause —-> Type)

[1 Prf_prop_clause ec —> (Prf false). .- . CiLSJMM@%LOM . @t&uﬁ@.&.
[p, c]l Prf_prop_ clausef(cdnsp c)l——>f((Prfp —>'Prf false)f—> (Prf_prop_clause c)).

def Prf_clause : (clause -> type).  __  ———
[c] Prf_clause (cl c) ——> (Prf_prop_clause c).

[A, f] Prf_clause (bind A f) ——> (x : (El1 A) —> (Prf_clause (f x))).
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def av_clause : Type.
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def Prf_av_clause : av_clause —-> Type. s
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(; Clauses ;)

def prop_clause : Type.

def ec : prop_clause.

def cons : (Prop —> (prop_clause -> prop_clause)).
def clause : Type.

def cl : (prop_clause —> clause). o
def bind : (A : Set -> (((EL A) —> clause) —> clause)). oy @Q\_ﬂ
def bind_poly : (Set —> clause) —> clause. dﬁ%ﬁmf,,,,, C?AE | _ J
def Prf_prop_clause : (prop_clause -> Type). QC}C&‘«“‘B

def Prf 5 T V\ Q
g o -
LL %':‘A &u'aé —PTT clause (f x))).
.f]} c&;‘qﬁg ‘ﬂdcﬁk, “F  ert " : Set —> (Prf_clause (f alpha))).
| e T

def acl : clause —> av_clause.
def if : Prop —> av_clause —> av_clause.
def Prf_av_clause : av_clause —> Type.

| ﬁmpﬁj"’ AVATAR clause is reqular clause.

'Tsp{”c]*Prfﬂavciause'(lfksp‘cf°——>(Prf“(not sp) —> Prf false) —> Prf_av_clause c.



WHAT WE CAN CURRENTLY DO



WHAT WE CAN CURRENTLY DO

e Parse input problem: read TPTP/SMT-LIB, write Dedukti axioms



WHAT WE CAN CURRENTLY DO

Parse input problem: read TPTP/SMT-LIB, write Dedukti axioms

Run vampire in default mode and fully check reasoning steps:

Resolution

Forward/backward demodulation
Superposition

Subsumption resolution

Equality resolution

AVATAR

Trivial equality removal

Factoring

Remove duplicate literals

Some pre-processing steps

* Equality resolution with deletion

* Definiton unfolding



WHAT WE CAN CURRENTLY DO

e Parse input problem: read TPTP/SMT-LIB, write Dedukti axioms

» Run vampire in default mode and fully check reasoning steps:

« Resolution e Trivial equality removal
e Forward/backward demodulation e Factoring
e Superposition « Remove duplicate literals
e Subsumption resolution e Some pre-processing steps
~ » Equality resolution * Equality resolution with deletion

. AVATAR .,

?T’Q$QM%QC& Laker * Definiton unfolding

« Many sorted logic and polymorphism are supported
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~ CURRENT (TEMPORARY) LIMITATIONS

Full first-order formulas (FOF) can be
Parsec’k, but clausificakion steps are hot checled.

« Limited pre-processing: clausification is not checked

» No higher-order reasoning and no theories yet

e Turn off all the fun bits (only inferences on the previous slide)
* But inferences are done incrementally :)

' * Unsupported inferences are handled by “sorry”.
- We emit a warning during type-checking when
| thcic © a SoRny.
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SOME LESSONS LEARNED DURING
IMPLEMENTATION

« Equality is symmetric:
e Vampire will switch LHS and RHS when convenient.
e Manually insert commutativity lemmas during proof-printing.

« Numbering deduction steps accordingly: we give the deduction
steps in Deduct script the same number as appears in the “default”
Vampire proof trace, to ease uncovering bugs (if the elaborated

proofs do not type check).
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~ AVATAR

e Technique that greatly improves the efficiency of first-order reasoning

 Splitting clauses and offloading the disjunctive structure to a SAT
solver

 For proof logging: introducing propositional labels
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Definition: propositional label
to a sub-clause

sp, = Vzy. Pz, f(y)) VQ(y)
Spy = V2. Cc= 2

Split: clauses split into variable-disjoint
components, deriving SAT clause

—~Q(z) Ve=yV P(z, f(2))
SP; V Sps

Avatar clause: all existing
inferences work conditionally on
avatar splits (conjunction of splits
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Component: injected into the
search space, conditionally on
the split label

P(z, f(y)) V-Q(y) < sp;
C = 2 < SP,

Contradiction: false
conditionally on split derives SAT
clause (the split)
1 < sp3 A —spg
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AVATAR INFERENCES Component: injected into the

C .. . search space, conditionally on
Definition: propositional label P .

the split label
to a sub-clause
sp, = Vzy. Pz, f(y)) V -Q(y) P(z, f(y)) V-Q(y) < sp;
Spy = V2. Cc= 2 C = 2 < SPs

Split: clauses split into variable-disjoint  Contradiction: false

components, deriving SAT clause conditionally on split derives SAT
-Q(2)Ve=yV Pz, f(2)) clause (the split)
Sp; V Sps 1 <= sp3 A —spy
Avatar clause: all existing TSP3 ¥ SPs
inferences work conditionally on Refutation: |ast step of the proof,
avatar splits (conjunction of splits derives false, because SAT set is

of parents) unsatisfiable.
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Avatar clause: clauses tagged
with split sets need to be
sp; : Prop

sp; <> Vz,y : El 1. |~P(z, f(v))] = |--Qy)| = L handled (bound and applied to
parents in the derivation)

Definition: just a Dedukti definition

Split: unpack with variable renaming,

. . C < sp; A ISP ;
apply vars and literals to premise.

C:Hz,y,z:El ¢ [-Q(2)] — [c= I [[P z, f(2))] — Prf L. [=spil — |[_'_'SP3]] — C

D:lspd = [spl =Pl ¥ Prile=Y) = Prilfalse)

Component: morally the id function

D — Asy: [spq]- Asz : [sp,].
51 (Ax,z: El . A : [P(x, f(x))]. M1 : [-Q(x)]. Contradiction: just the premise

s2 (Ay : Ele. Aty : e = y]. Refutation: involved, see next
nyZflfzf:;)) Slide
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AVATAR REFUTATION

CaDiCal. ﬁampuﬁés again just the part where
MINISAT succeeded, to get the RUF proof out

e Vampire ships with a c,,y of MiniSAT that does not emit proofs.

 New SAT solver CaDiCal -> emits DRAT proofs, but only the
reverse unit propagation (RUP) proofs are used

« — proof_extra: intermediate SAT clauses

+ re-play RUP steps (while proof printing) and encode them in Dedukti
(morally a chain of resolutions)

 must end in Prf(false)
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WHAT DO WE TRUST

e Manually check:
* (Correct standard encoding of FOL in Dedukti.)
* Correct encoding of the problem axioms and negated conjecture.
* All symbols after the axioms are defined (using :=).
* No "sorry's.
* No rewrite rules after the encoding of FOL.
e T[rust:

* Dedukti type checker (dk check).
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« Minimise what needs to be carried around during proof search:
» Resolution: selected literals
e Superposition: selected literals, which side of the equation, rewritten term
e Subsumption resolution: selected literal
» AVATAR: One final call to CaDiCal to record intermediate clauses for RUP proofs

e Some things are re-computed at proof-output stage, but only for the steps that actually
appear in the prootf:

« Substitution (superposition, resolution, subsumption resolution, avatar split clauses ...)

~ « AVATAR: RUP steps for refutation
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EXPERIMENTS

e Ran on TPTP 9.0.0 in CNF, FOF, TFO and TF1 fragments (no satisfiable problems or
arithmetic).

 Vampire ran on default strategy (replacing nondeterministic LRS with a stable one)

e Ran without checking AVATAR refutation proofs (re-running benchmarks now again
with recent AVATAR proot development)

 Instruction limit 20 000 Mi: —prootf_extra manages to prove just 5 problems fewer
than the total 7839 in the default mode.

« All proofs were successfully checked by Dedukti (increasing stack was necessary)



no proof - time (Mi)

104 10°
Deduki proof - time (Mi)

108 10% 10°
Proof Steps

107 108 10°
File Size (B)




<
-

(IN)

2wi] - Jooud ou

Proof Steps

.(M\

V

£

-

5

o D)

S -

AV )

E >

Q )

QO . c
-
)

(s) awiL

- -

J; GEEE NN

\

o~

~Y o V¢

edn
A ‘—; -‘

|V 4

& a
\ )

File Size (B)




CONSTRUCTIVE PROOFS



CONSTRUCTIVE PROOFS

 Inferences (so far) are constructive : We don’t yet use classical axioms.



CONSTRUCTIVE PROOFS

 Inferences (so far) are constructive : We don't yet use classical axioms.

» Vampire outputs the proot of double negation:
negated conjecture —> false



- CONSTRUCTIVE PROOFS

 Inferences (so far) are constructive : We don't yet use classical axioms.

» Vampire outputs the proot of double negation:
negated conjecture —> false

e The last step to go from double negation to asserting conjecture is

classical, but we actually do not explicitly do that.

Note: Due to double-neqation kranslation, tt is

always Possibw_ to have a classical Froof, that is
constructive all butk for the one (lask) step. This

s ol illustration of this fack.
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SPECULATIONS ON CURRENTLY
UNSUPPORTED INFERENCES

e Many classification rules are straightforward, but we need to traverse the formula
again and output more details in —proof_extra

e Skolemization: there is no free lunch.

» Posing an axiom of choice in full:

choose : (a: Set -> (r: (El a -> Prop) -> Prf (exists a r) -> El a)).
axiom_of_choice : (a: Set-> (r: (El a -> Prop) -> (tex : Prf (exists a r)) -> Prf (r (choose a r tex)))).

e Posing axioms that are instances choice needed for skolemization steps in the proof

» Polarity flip: exploiting Dedukti definitions
def polarity_flip (p : Prop -> Prop) := (not p) and proceeding with polarity_flip(p).



QUESTIONS?

vampire $problem -p dedukti - - proof_extra full
| egrep -v 2%

| dk check /dev/stdin



