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Type-Theory of Acyclic / Full Algorithms: Lλ
ar / Lλ

r , Moschovakis [10]

Algorithmic CompSynSem of Natural Language (NL) via Lλ
ar / Lλ

r

NL Syn ⇐⇒︸ ︷︷ ︸
render

Lλ
ar /L

λ
r ⇐⇒ Algorithms for Comp︸ ︷︷ ︸

Algorithmic Semantics

=⇒ Denotations︸ ︷︷ ︸
Denotational Semantics︸ ︷︷ ︸

Algorithmic CompSynSem Interfaces

Denotational Semantics of Lλ
ar / Lλ

r : by induction on terms

Reduction Calculus A ⇒ B of Lλ
ar / Lλ

r : by (10+) reduction rules

The reduction calculus of Lλ
ar / Lλ

r is effective
Theorem: For every A ∈ Terms, there is unique, up to congruence,
canonical form cf(A), such that:

A ⇒cf cf(A)

Algorithmic Semantics of Lλ
ar / Lλ

r
For every algorithmically meaningful A ∈ Terms:

cf(A) determines the algorithm alg(A) for computing den(A)

I’ve been extending Lλ
ar / Lλ

r Loukanova [1, 2, 3, 4, 5, 6, 7, 8, 9]
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Syntax of Type Theory of Algorithms (TTA): Types, Vocabulary

Gallin Types (1975)

τ ::= e | t | s | (τ → τ) (Types)

Abbreviations

σ̃ ≡ (s → σ), for state-dependent objects of type σ̃ (1a)

ẽ ≡ (s → e), for state-dependent entities (1b)

t̃ ≡ (s → t), for state-dependent truth vals: propositions (1c)

Typed Vocabulary, for all σ ∈ Types

Constsσ = Kσ = {cσ0 , cσ1 , . . . } (2a)

∧,∨,→ ∈ Consts(τ→(τ→τ)), τ ∈ { t, t̃ } (logical constants) (2b)

¬ ∈ Consts(τ→τ), τ ∈ { t, t̃ } (logical constant for negation) (2c)

PureVσ = {vσ0 , vσ1 , . . . } (2d)

RecVσ = MemoryVσ = {pσ0 , pσ1 , . . . } (2e)

PureVσ ∩RecVσ = ∅, Varsσ = PureVσ ∪ RecVσ (2f)
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Definition (Terms of TTA: Lλ
ar acyclic recursion / Lλ

r full recursion)

A :≡ cσ : σ | xσ : σ | B(ρ→σ)(Cρ) : σ | λ(vρ) (Bσ) : (ρ → σ) (3a)

| Aσ0
0 where { pσ1

1 := Aσ1
1 , . . . , . . . , pσn

n := Aσn
n } : σ0

(recursion term)
(3b)

| ∧ (Aτ
2)(A

τ
1) : τ | ∨ (Aτ

2)(A
τ
1) : τ | → (Aτ

2)(A
τ
1) : τ (3c)

| ¬(Bτ ) : τ (3d)

| ∀(vσ)(Bτ ) : τ | ∃(vσ)(Bτ ) : τ (pure quantifiers) (3e)

| Aσ0
0 such that {Cτ1

1 , . . . ,Cτm
m } : σ′

0 (restrictor terms) (3f)

| ToScope(Bσ̃) : (s → σ̃) (unspecified scope) (3g)

| C(Bσ̃(s)) : σ̃ (closed scope) (3h)

cσ ∈ Constsσ, xσ ∈ PureVσ ∪ RecVσ, vσ ∈ PureVσ

B,C ∈ Terms, pσi
i ∈ RecVσi

, Aσi
i ∈ Termsσi

, C
τj
j ∈ Termsτj

τ, τj ∈ { t, t̃ }, t̃ ≡ (s → t) (type of propositions)
ToScope : (σ̃ → (s → σ̃)), C : (σ → σ̃), s : RecVs (state), σ ≡ t
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VP Ellipsis
VP Ellipsis — Underspecification in English
Parametric Algorithms in Mathematical Text

VP Ellipsis

Example

John loves [his wife]np, and Peter does too. (4a)

John likes himself, and Peter does too. (4b)

(4a) By limiting (4a) to readings where John loves his own wife

strict reading of (4a): Peter loves the same person,
i.e., [his]j wife = [John’s]j wife

sloppy reading of (4a): Peterp loves [his (own)]p wife

(4b) reflexive pronouns have restricted denotations

strict reading of (4b): Peter likes John

sloppy reading of (4b): Peter likes himself
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Rendering Ordinary English: Underspecification of VP Ellipsis in Lλ
ar

h1, h2 ∈ RecV, h1, h2 ∈ FreeV(A0)
free recursion variables, i.e., memory slots, in (6a)–(6e):

John loves his wife, and Peter does too.
render−−−→ A0 (5)

A0 ≡ [p1 ∧ p2] where {p1 := L(h1)(j), (6a)

L := λ(x)λ(y)
[
love(w(x))(y)

]
, (6b)

p2 := L(h2)(p), (6c)

w := wife, (6d)

j := john, p := peter} (6e)

By h1, h2 ∈ FreeV(A), A, (6a)–(6e), represents parametric semantic
information corresponding to the underspecified, abstract linguistic
meaning of the sentence (5)
Context may provide specification values of h1, h2
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1 h1 := j, h2 := h1

A term representing a strict reading:

John loves his own wife, and Peter loves the same person

h2 := h1 respects the reference of “his” and the anaphoric “too”

“too” has “loves [his]j wife” as its antecedent, where the name
“John” does not occur

2 h2 := h1, and h1 is a free recursion variable

a term for another strict reading, where

John loves the individual that is denoted by the free recursion
variable h1, via the variable valuation of h1 (the speaker’s references)

Peter loves the same individual, denoted by h2, not by direct
denotation, but by picking it from the value of h1.

3 h1 := j, h2 := p

a sloppy reading, where each of the men, John and Peter, loves his
own wife
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Algorithmic Specifications vs Underspecification of VP Ellipsis in Lλ
ar

p1, p2, L, r, j, p ∈ RecV, instantiated
h1, h2 ∈ RecV, h1, h2 ∈ FreeV(A1)

John loves his wife, and Peter does too.
render−−−→ A1 (7)

A1 ≡ [p1 ∧ p2] where {p1 := L(h1)(j), (8a)

L := λ(x)λ(y)
[
r(w(x))(y)

]
, (8b)

p2 := L(h2)(p), (8c)

r := love, w := wife, (8d)

j := john, p := peter} (8e)

(8a)–(8c) is a parametric algorithm that can be instantiated by a
class of specific properties and objects, of respective types
By h1, h2 ∈ FreeV(A), A, (8a)–(8e), represents semantically
underspecified, parametric information of the sentence (7)
Context may provide specification values of h1, h2
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Opt1: Math Text: Algorithmic Specifications vs Underspecification of VP Ellipsis

[ [The number j]np [is less than its successor]vp ]s, and [p is too]s
render−−−→ A

(9)

A ≡ [p1 ∧ p2] where {p1 := L(h1)(j), (10a)

L := λ(x)λ(y)
[
r(w(x))(y)

]
, (10b)

p2 := L(h2)(p), (10c)

t := the(c), c := number , (10d)

r := LessThan, w := successor , (10e)

j := λ(s)t(s1), p := λ(s)t(s2)} (10f)

(10a)–(10c) is a parametric algorithm that can be instantiated by a
class of specific properties and objects, of respective types
By h1, h2 ∈ FreeV(A), A, (10a)–(10e), represents semantically
underspecified, parametric information of the sentence (9)
Math discourse may provide specification values of h1, h2
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Opt2: Math Text: Algorithmic Specifications vs Underspecification of VP Ellipsis

p1, p2, L, r, j, p ∈ RecV, instantiated

the ∈ Consts((̃e→ t̃)→ ẽ)

< ∈ Consts( ẽ→( ẽ→ t̃)), S,number ∈ Consts(̃e→ t̃)

h1, h2 ∈ RecV, h1, h2 ∈ FreeV(A)

[ [The number j]np [is less than its successor]vp ]s, and [p is too]s
render−−−→ A

(11)

A ≡ [p1 ∧ p2] where {p1 := L(h1)(j), (12a)

L := λ(x)λ(y)
[
r(w(x))(y)

]
, (12b)

p2 := L(h2)(p), (12c)

t := the(c), c := number , (12d)

r := <, w := S, (12e)

j := λ(s)t(s1), p := λ(s)t(s2)} (12f)
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Motivation & Otlook for Type Theory Lλ
ar / Lλ

r / DTTSI

Parametric Algorithmic Patterns for efficient semantic
representations, ambiguities, and underspecifications

Parameters can be instantiated depending on:
context, specific areas of applications, etc.

Translations between:

natural language of mathematics and

formal languages of proof and verification systems

Lλ
ar / Lλ

r into Dependent-Type Theory of Situated Info (DTTSI)

Lλ
ar / Lλ

r / DTTSI provide Computational SynSem with:

denotations

algorithms for computing denotations
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Outlook: Computational Theory and Applications to Proof and Verification Systems

Computational Grammar that faithfully represents syntax-semantics
interfaces of and between

natural and formal languages, including:
programming and specification languages
formal languages of proof and verification systems

The Big Picture: realistic, by having developed significant reduction
calculs of Lλ

ar and Lλ
r , which can cover major syntactic structures of

natural and formal languages

NL / Formal Syn ⇐⇒ Lλ
ar/L

λ
r /SitT ⇐⇒ Canonical Forms =⇒ Denotations︸ ︷︷ ︸
Algorithmic SynSem

Looking Forward Ahead!
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