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How much do you need to know about the formalization of
binders to write proofs about programming languages in a
proof assistant?



Mechanized Metatheory for the Masses:
The PorPLMARK Challenge

Brian E. Aydemir', Aaron Bohannon', Matthew Fairbairn?, J. Nathan Foster',
Benjamin C. Pierce', Peter Sewell?, Dimitrios Vytiniotis', Geoffrey
Washburn', Stephanie Weirich', and Steve Zdancewic'

' Department of Computer and Information Science, University of Pennsylvania
? Computer Laboratory, University of Cambridge

Abstract. How close are we to a world where every paper on program-
ming languages is accompanied by an electronic appendix with machine-
checked proofs?

We propose an initial set of benchmarks for measuring progress in this
area. Based on the metatheory of System F¢., a typed lambda-calculus
with seco

marks o — Binding. Most programming languages have some form of binding in their

lenging tc syntax and require a treatment of a-equivalence and substitution in their se-
:‘:"(‘i‘;‘r:;f mantics. To adequately represent many languages, the representation strat-
bonchmnas egy must support multiple kinds of binders (e.g. term and type), constructs
for comps introducing multiple binders over the same scope, and potentially unbounded

lists of binders (e.g. for record patterns).



Syntax/Variables in a Textbook

1.1.1. DEFINITION. Let
V ={w,v1,...}

denote an infinite alphabet. The set A~ of pre-terms is the set of strings
defined by the grammar:

A=V |[(AMA)|(AVA)

1.1.11. DEFINITION. For M € A~ define the set FV(M) C V of free variables
of M as follows.

FV(z) = {z};
FV(Az.P) = FV(P)\{z};
FV(PQ) = FV(P)UFV(Q).

If FV(M) = {} then M is called closed.

1.1.13. DEFINITION. For M, N € A~ and = € V, the substitution of N for x
in M, written M[x := N] € A, is defined as follows, where z # y:

z[z := N] = N;

ylz == N] =U;

(PQ)fw:= N] = Plz := N] Q[ := NJ;

(Az.P)[x := N| = A\z.P;

(Ay.P)[x := N| = Ay.P[z := NJ|, ify ZFV(N) or z € FV(P);
(Ay.P)[z := N] = Az.Ply := z][z := N|, ify € FV(N) and z € FV(P).

Sgrenson, Urzyczyn- Lectures on the CurryHoward Isomorphism

Define pretermswu



Syntax/Variables in a Textbook

1.1.15. DEFINITION. Let a-equivalence, written =4, be the smallest relation
on A™, such that

P, P for all P; MKRIJhe R2¢ G 1IJURIInM

Az.P =, Ay.Plz:=y| ify¢&FV(P),

and closed under the rules:

P=,P = VzxeV: Mo.P=,)z.P;
P=,F = VZeAN: PZ=,P Z
P=o P = VZeA: ZP=,ZP,
P= P = P'=,P
P=oP' & P'=, P" = P=,P"

1.1.17. DEFINITION. Define for any M € A~ , the equivalence class [M], by:
[Mlo={NeA |M=,N}
Then define the set A of A-terms by: U I'OC H (TI c C G I'O(]] I\] I & I' I'OV'
A= Nj=a = {Ml|MeN}

1.1.18. WARNING. The notion of a pre-term and the associated explicit dis-
tinction between pre-terms and A-terms introduced above are not standard
in the literature. Rather, it is customary to call our pre-terms A-terms, and
then informally remark that a-equivalent A-terms are “identified.”

Sgrenson, Urzyczyn- Lectures on the CurryHoward Isomorphism



Syntax/Variables in a Textbook

1.1.19. NOTATION. We write M instead of [M], in the remainder. This
leads to ambiguity: is M a pre-term or a A-term? In the remainder of these
notes, M should always be construed as [M], € A, except when explicitly
stated otherwise.

1.1.20. DEFINITION. For M € A define the set FV(M) C V of free variables
of M as follows.

FV(z) = {z}
FV(Az.P) = FV(P)\{z};
FV(PQ) = FV(P)UFV(Q). o o .
If FV(M) = {} then M is called closed. mntkOcUI OI N RUR dj RYUt OY U
1.1.21. REMARK. According to Notation 1.1.19, what we really mean by this terms .
is that we define FV as the map from A to subsets of V satisfying the rules:
FV([z]a) = {z}
FV([Az.Pla) = FV([Pla)\{z};
FV([P Qla) = FV([Pla) UFV([Qa)-

Strictly speaking we then have to demonstrate there there is at most one such
function (uniqueness) and that there is at least one such function (existence).

Uniqueness can be established by showing for any two functions FV; and
FV; satisfying the above equations, and any A-term, that the results of FV;
and FVy on the A-term are the same. The proof proceeds by induction on
the number of symbols in any member of the equivalence class.

To demonstrate existence, consider the map that, given an equivalence
class, picks a member, and takes the free variables of that. Since any choice
of member yields the same set of variables, this latter map is well-defined,
and can easily be seen to satisfy the above rules.

In the rest of these notes such considerations will be left implicit.

Sgrenson, Urzyczyn- Lectures on the CurryHoward Isomorphism
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Goal: Prove substitutivity of reduction, i.e. that s > t implies s[o] > t[o].

slo][t[e]..] = s[var0-o o (1)][t[o] - var]

= s[(var0-o o (1)) o [(t[o] - var)]] compositionality
= s[(var0)[t[o] - var] -(g o (1)) o[(t[o] - var)]] distributivity
= s[(var0)[t[o] - var] - o({1) o [t[o] - var])] associativity
= s[(t[o] - var) 0-(c o [T (t[o] - var)])] compositionality
= s[t[o] -(o o [var])] -, interaction
= s[t[o] - o] right identity
= s[t[o] -(var o [o])] left identity

= s[(t - var) o [o]] distributivity

= s[t-varllo]. compositionality



How much do you need to know about the formalization of
binders to write proofs about programming languages in a
proof assistant?



A How to state lemmas in this presentation?

A Which lemmas on substitution should | prove?
A How do | prove them?

A How do | use them?



A 8§ A x ~ Cllitafia fbor Success

The primary metric of success (beyond correctness, of course) is that a solu-
tion should give us confidence of future success of other formalizations carried
out using similar techniques. In particular, this implies that:

— The technology should impose reasonable overheads. We accept that there is
a cost to formalization, and our goal is not to be able to prove things more
easily than by hand (although that would certainly be welcome). We are
willing to spend more time and effort to use the proof infrastructure, but
the overhead of doing so must not be prohibitive. (For example, as we discuss
below, our experience is that explicit de Bruijn-indexed representations of
variable binding structure fail this test.)

— The technology should be transparent. The representation strategy and proof
assistant syntax should not depart too radically from the usual conventions
familiar to the technical audience, and the content of the theorems them-
selves should be apparent to someone not deeply familiar with the theorem
proving technology used or the representation strategy chosen.

— The technology should have a reasonable cost of entry. The infrastructure
should be usable (after, say, one semester of training) by someone who is
knowledgeable about programming language theory but not an expert in
theorem prover technology.



Autosubst

Achoice of

A Binder representation

A Definition of
substitutions

A Set of substitution
lemmas

that requires minimum

input from the user

Schafer, Tebbi, Smolkat9 A A lUAh NP LW
S, Schéafer, Kaiser9 A A LUA N @



NG 1IJI Dkt We Wécecl RIJa! WY
Proof Assistant!

POPLMark Part A

Summary of the encoding techniques and tools used by the available submissions:

::'g:‘:g Coq Twelf | ATS | Isabelle/HOL | Matita | Abella
5 — ™ — Library vs
e Bruijn Vouillon, Charguéraud (a) Berghofer c
! 2 ° special-

HOAS cMu Gacek purpose pr00f
Weak HOAS Ciaffaglione and Scagnetto assistants?
Hybrid Xi

Chlipala, Leroy, C
Locally nameless Charquéraud (b) Ricciotti
Named variables Stump
e Hirschowitz and Maggesi
syntax
Nominal Fairbairn Urban et al.

Source: https://www.seas.upenn.edu/pclub/poplmark


https://www.seas.upenn.edu/pclub/poplmark

De Bruijn Syntax

Manipulations in the lambda calculus are often troublesome because of
the need for re-naming bound variables. For example, if a free variable in
an expesssion has to be replaced by a second expression, the (danger arises
that some free variable of the second expression bears the saime name as
a bound variable in the first one, with the effect that binding s introduced
where it is not intended. Another case of re-naming arises if we want to
establish the equivalence of two expressions in those situations where the
only diiference lies in the names of the bound variables (i.c. when the
equivalence is so-called x-equivalence).

In particular in machine-manipulated lambda calculus this re naming
activity involves n great deal of labour, both in machine time as in
programming effort. It seems to be worth-while to try to get rid of the
re-naming, or, rather, to get rid of names altogether.

Consider the following three criteria for a good notation:

(1) easy tc write and easy to read for the human reader;
(i1) easy to handle in metalingual discussion;
(iti) easy for the computer and for the computer programmer,

The system we shall develop hers is claimed to he good for (i) and
good for (iil). It is not claimed to be very good for (i); this means that

for computer work we shall want automatic translation from one of the
usual systems to our present system at the input stage, and backwards

ldea:| -equivalence = definitional
equality

Binders are presented byeferences
and induce ascope change.

Terms:
Inductive tm: Type =
var tm at 'Y tm
app : tm Y tm Y tn
| am tm Y tm

Example term:

_u(_ufow ot _H(LEPMG

lam (app ( var tm 1) (lam
8a p(@app( vartm 1)( var tm
5)( var_tm 2)))

De Bruijn,Nicolaas Govert "Lambda calculus
notation with nameless dummies, a tool for
automatic formula manipulation, with application
to the Church-Rosser theorem."1972




(Parallel) Substitutions
| JWwW71 eRTUWKRT =

Goal: Instantiation with substitution, [ _]:tm> & ->tm)->tm

S if x = 0 n . I . N N
Primitives sufficient to define

e.g. betareduction

o(x —1) otherwise

(s-0)(x) = «[

id(x) = x t(x) = x+1

x[lo] = o(x)
(st)lo]l = (s[o]) (t[o]) (0oT)(x) = o(x)[T]
(A.s)[o] = A. (s[Nro])

to :=0-(0ot) } Requires again substitution

Two-Level Approach:Adams, R.Formalized metatheory with terms represented by an indexed family of
GelLlSaod ¢edLlsSa F2NItNR2Fa YR t NRPIANYYAS Wnco

23



Goal: Prove substitutivity of reduction, i.e. that s > t implies s[o] > t[o].

slo]ltla]..] =

s|var0-o o (1)][t[o] - var]
s[(var0-o o (1)) o[(t[o] - var)]]
s[(var0)[t[o] - var] -(o o (1)) o [(t[o] - var)]]
s[(var 0)[t[c] - var] - a((T) o [t[o] - var])]
s[(t[o] - var)0-(o o [T (t[o] - var)])]
s[t[o] -(o o [var])]

tlo] - o]

t[o] -(var o [o])]
(t-var) o|o]]

slt - varllol.

compositionality
distributivity
associativity
compositionality
-, Interaction
right identity
left identity
distributivity

compositionality



The Sigma Calculus Hc¢ | RWIJq e G HOWh &3
A ConvergerfCurienl] qy LL¢ & GoMpleter E # 6 e n 1J | RéWFiting! SyStédillh N P ¢

(st)[o]l = (sloD(tlo])
(A.s)[oc]l=A. (s[0-001])
O[s-o]=s
to(s-0)=0
slid]=s
Olc]-(te0o)=0

idoo =0
ooid=o
(oT)oB@=0o(T0)
s-0)oT=Ss[T]-ToT
slolltl=slo o 1]
0-1t=id

s =t can be decided via the above rewriting system

Implemented via a
rewriting tactic called
asimpl that normalizes
a term using the rewriting
system

25



Demo: A Proof of Type Safet

emacs25@kathrin-HP-EliteBook-820-G3

File Edit Options Buffers Tools Coq Proof-General Tokens Holes Outline Hide/Show YASnippet Help

£8)State  [€G.Context

iGoal

(** ** Reduction and Values *)

Retract . Undo

Require Export ARS Coq.Program.Equality.
From Chapterg Require Export stlc.

Set Implicit Arguments.

Unset Strict Implicit.

Ltac inv H := dependent destruction H.
Hint Constructors star.

(** *** Sipgle-step reduction *)

Inductive step {n} : tmn = tmn - P :=

| step_ B ADbt : step (app (lam A b) t) (b[t..])

| step_abs A bq by : @step (S n) by by - step (lam A 2
Gbl) (lam A bz)

| step_appL sq s t :
spp sp t)

| step_appR s tq tp :
Spp s tz).D

step sq1 sy = step (app s1 t) (a2

step t1 ty; - step (app s t1) (a2

PHint Constructors step.

Lemma step_ B' n A b (t t': tm n):
t' = b[t..] = step (app (lam A b) t) t'.
Proof. intros -. now constructor. Qed.

(** *** Mylti-step reduction *)

Use X Goto ™ Home _#Find

(1) Info




Demo: A Proof of Type Safet

emacs25@kathrin-HP-EliteBook-820-G3

File Edit Options Buffers Tools Coq Proof-General Tokens Holes

£8)State @G Context [EGoal Retract Undo Next

Outline Hide/Show YASnippet Help

Y Home

~MFind (@) Info

Lemma mstep_lam n A (s t : tm (S n)) :
star step s t - star step (lam A s) (lam A t).
Proof. induction 1; eauto. Qed.

Lemma mstep_app n (s1 sz : tm n) (tq t2 : tmn) :
star step sq sp - star step tq ty - star step (app »
ssq1 t1) (app sz tp).
Proof with eauto.
intros ms. induction 1. induction ms... auto...

Qed.
(** *** subpstitutivity *)

Lemma step_inst {m n} (O : finm > tmn) (s t : tm m)?
G -

step s t - step (subst_tm O s) (subst_tm O t).
*Proof.

intros st. revert n 0. 1induction st as [m b s t =
é|m A by bp _ ih|m sy s t _ ih|m s tq1 t; _ ih]; intro=
§s n O; cbn.
apply step_B'. |-
apply step_abs. eapply ih.
apply step_appL, ih.
apply step_appR, ih.

[= N R O

Qed.

Lemma mstep_inst mn (f : finm > tmn) (s t : tmm) #
§:

1 subgoal (ID 235)

= m, n : N
-0 : finm=tmn
- s, t:tmm

step s t = step s[0O] t[0O]

Coq Goals Utoks




Demo: A Proof of Type Safet

emacs25@kathrin-HP-EliteBook-820-G3
File Edit Options Buffers Tools Coq Proof-General Tokens Holes Outline Hide/Show YASnippet Help

©8)State  '€G.Context [EaGoal Retract Undo Next Use % Goto ™ Home _-#Find (Q)Info

Lemma mstep_lam n A (s t : tm (S n)) : 1 subgoal (ID 297)
star step s t - star step (lam A s) (lam A t).
Proof. induction 1; eauto. Qed. =

Lemma mstep_app n (s1 s : tmn) (tq tp : tmn) : -
star step sq sp - star step tq tp; = star step (app @
ésq tq1) (app sz t3).
Proof with eauto.
intros ms. induction 1. induction ms... auto...

Qed. s[t..1[0] = s[T¢y OIL(t[01)..]

(** *** sybstitutivity *)

.
Q>crtno 3

+

3

3

finm-= tmn

Lemma step_inst {m n} (O : finm = tmn) (s t : tm m)®
§ @

step s t » step (subst_tm O s) (subst_tm O t).
Proof.

intros st. revert n 0. 1induction st as [mb s t 2
¢|m A bqy b _ ith|m sq s t _ ith|m s t1 t; _ ih]; intro=
§s n O; cbn.
» apply step B'. [N
apply step_abs. eapply 1ih.
apply step_appL, ih.
apply step_appR, ih.

o
"
(=S I O R

Lemma mstep_inst mn (f : finm-=>tmn) (s t : tmm) @
H

All L16 (Coq Goals Utoks) »




Demo: A Proof of Type Safety

... and that’s without the proofs!

Goal: Prove substitutivity of reduction, i.e. that s > t implies s[o] > t[d].

slo][tlo]..] = s[var0-a o (1)][t[o] - var]

= s[(var0-o o (1)) o [(t[o] - var)]] compositionality
= s[(var0)[t[o] - var] (¢ o (1)) o [(t[o] - var)]] distributivity
= s[(var 0)[t[o] - var] - o((1) o [t[o] - var])] associativity
= s[(t[o]-var) 0:(c o [t (t[o] - var)])] compositionality
= s[t[o] (¢ o [var])] -, interaction
= s(t[o] - o] right identity
= s[t[o] -(var o [a])] left identity

= s[(t - var) o[o]] distributivity

= s[t - varl[o]. compositionality



Demo: A Proof of Type Safet

emacs25@kathrin-HP-EliteBook-820-G3

File Edit Options Buffers Tools Coq Proof-General Tokens Holes Outline Hide/Show YASnippet Help

£8)State  '€G.Context [aiGoal Retract Undo Next Use X_Goto M Home .#Find ()Info
Lemma mstep_ lam n A (s t : tm (S n)) : 1 subgoal (ID 721)
star step s t - star step (lam A s) (lam A t).
Proof. induction 1; eauto. Qed. =m: N
B b: ty
Lemma mstep_app n (sq s : tmn) (t1 tp : tm n) : - s : tm (S m)
star step sq sp = star step t; tp = star step (app 2 - t ¢ }m n
ssq t1) (app sy t3). - R
s L | 2 =2 -0 : finm=tmn

Proof with eauto.
intros ms. induction 1. induction ms... auto...
Qed. s[t[o] .: O] = s[t[0O] .: O]

(** *** Substitutivity *)

Lemma step_inst {m n} (0 : finm=>tmn) (s t : tm m)2
8
step s t -» step (subst_tm O s) (subst_tm O t).
Proof.
intros st. revert n 0. 1induction st as [mb s t #
¢/m A by bp _ ith|m sq4 s t _ ih|m s t1 tp _ ih]; intro=
§s n O; cbn.
apply step_B'. asimf§L.
apply step_abs. eapply ih.
apply step_appL, ih.
apply step_appR, 1ih.

v

=]
m
(= IO IO I

Lemma mstep_inst mn (f : finm > tmn) (st : tmm) 2

w3

uU:%%- *goals* All L1606 Goals Utoks)




Demo: A Proof of Type Safety

emacs25@kathrin-HP-EliteBook-820-G3

File Edit Options Buffers Tools Coq Proof-General Tokens Holes Outline Hide/Show YASnippet Help

£8)State '€3.Context [maiGoal Retract _ Undo Next Use % Goto “ Home .#Find (3)Info
Lemma mstep_lam n A (s t : tm (S n)) : 3 subgoals (ID 294)

star step s t - star step (lam A s) (lam A t).
Proof. induction 1; eauto. Qed. subgoal 1 (ID 294) is:

step (lam A bl[‘tm 0])

(lam A ba[T¢y O1)
subgoal 2 (ID 295) is:
step (app s1[0] t[0O])

Lemma mstep_app n (sq1 s : tm n) (ty tp : tm n)
star step sq sp - star step t; tp; - star step (app 2
ss1 tq1) (app sz tp).
Proof with eauto.

intros ms. induction 1. induction ms... auto... (app sz[0] t[0O])
Qed. subgoal 3 (ID 296) 1is:

step (app s[0] t41[0])
(app s[0] tz[0])

(** *** Substitutivity *)

Lemma step_inst {m n} (O : finm > tmn) (s t : tm m)2
-

step s t -» step (subst_tm 0 s) (subst_tm O t).
Proof.

intros st. revert n 0. 1induction st as [mb s t @
é|lm A by bp _ ith|m sq s t _ ith|im s t1 t; _ ih]; intro=
§s n O; cbn.
apply step_B'. asimpl. reflexivity.
apply step_abs. eapply 1ih.
apply step_appL, ih.
apply step_appR, ih.

v

=]
m
(=S I I A

Lemma mstep_inst mn (f : finm->tmn) (st : tmm) 2
S:
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A Binder representation
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Another popular concrete representation is de Bruijn's nameless representation. De Bruijn
indices are easy to understand and support the full range of induction principles needed to
reason over terms. [..] while the notation clutter is manageable for “toy” examples of the

size of the simply-typed lambda calculus, we have found it becomes quite a heavy burden
even for fairly small languages like F_..

[Aydemir et al. '05]



- (nty) (nvl)
) (nvl)

nty) (nvl)




One Main Culprit: Compositionality of
Instantiation

Lemma 3.4 (Compositionality).
L& oM =1 (&0 ()
2. s(8)(2) = (& 0 (7))
3. M &o(tt)=1(E0T)

7. (o) olfttl= 1 (o of1])

8. slol(t] =slo o [1]].



Different solutions:
Special-purpose proof assistants?

AU tOS U bSt Code generation?

Universes of syntax with binding?

Achoice of
A Binder representation
A Definition of

Alibrary format to
automatically generate the
corresponding boilerplate,

substitutions including automation
A Set of substitution 4 lding
tactic
lemmas

to require minimum input

that requires minimum from the user

input from the user



AutosubstAutomation

Specification, e.g.

-SI9 app : term — term — term
lam : (term — term) — term

»U« Autosubst 2 compiler

Output file
vV \ Expressions
+ Instantiation _[_]

+ Reasoning

Schafer, Tebbi, Smolkat9 A A lUAh NP LW
S, Schafer, Kaiser9 A A lLh N ®



Supported Syntax

ty, tm, vl : Type
arr: ty - ty—ty
all: (ty » ty) > ty

app: tm — tm— tm
tapp: tm — ty — tm
vt : vl — tm

lam : ty — (vl — tm) - vl
tlam: (ty — tm) — vl

Inductive tyn: Type:=
| var_ty: finn — tyn
| arr: tyn - tyn—tyn
| all: ty (n +1) — tyn.

Inductive tmmn: Type:=

| app: tmmn — tmmn— tmmn

| tapp: tmmn — tym— tmmn

| vt: vimn — tmmn

withvl mn: Type:=

| var_vl: finn — vlmn

| lam: tyn - tmm(n +1) — vlmn
| tlam: tm(m+ 1) n - vlimn,

>_

__

Autosubst 2: Reasoning with Multi-Sorted de Bruijn

Terms and Vector Substitutionsi S .

, Scha&afer,

Kali

ser

A Polyadic binders

A First-class renamings

A External sorts/sort constructors
A Many-sorted syntax

A Mutual inductive syntax

A Variadic syntax

A Simplified definitions for first-

order sorts
A Modular syntax

CPP

619



Supporting Manforted Syntax
by Vector Substitutions

Example: Calby-Value System F

Expressions

ABety == X|A—>B|VX.A Types
s,tetm = st|sA|v Terms
u,vevl = x| s|AX.s Values

Substitutions Vectorise parallel substitutions:
|s]:vi=(N—=ty) > (N—vl) = vl

Reasoning Lift reasoning principles



Variadic Syntax

m Variadic binders bind a variadic number of n variables at once, e.g. in a multivariate

A-calculus:
s,t € tmy ::=varx | app s* {t¥..t*} | Ap.s"TK x € fink
S . 0 1 2
Ap.s 0 .. r|1 1—||—n 2—l—n

m Other examples: Pattern matching, recursive let-bindings

Variadic shifting 1™: finn — fin (m 4+ n)
Variadic head, hd,, : finm — fin (m + n)

Variadic extension _-,, _: (finm — X) = (finn = X) — (fin(m 4+ n) — X), which
precedes an arbitrary stream 7 : finn — X with a new stream o : finm — X:

+ definition of instantiation + adaption of reasoning principles



Different Versions of th&utosubstLibrary

A Autosubst Some trade-offs:

A Implemented usingLtac A How expressive?
Inductive term =

| Var (x : var)
| App (s t : term) A What can be

| Lam (s : {bind term }). generated? Tactics,
notations?

A Autosubst 2 ,
AReROUGUOINONUgqec qRYUWRUWc ¢t t WGG Wa EALWE &G A RdMmaitiainadkt 131 AL

A oCamliz2 JI t RYULWIa?¢ GGl RHG WWh =Neé for different
A MetaCoq2 U1 + RYULWIa?¢ GGl RHG WWh =Neé versions ofRocg?
A Lean emulation byMarmaduke, A., Ingle, A., & Morris, J. G. (2025) A Can the code be
Inspected/changed

manually?


https://www.ps.uni-saarland.de/autosubst/doc/Autosubst.Autosubst_Basics.html#var
https://www.ps.uni-saarland.de/autosubst/doc/Plain.Demo.html#term
https://www.ps.uni-saarland.de/autosubst/doc/Autosubst.Autosubst_Classes.html#8d6a85eaeff4db0402876b86f2fadc0b
https://www.ps.uni-saarland.de/autosubst/doc/Plain.Demo.html#term
https://www.ps.uni-saarland.de/autosubst/doc/Autosubst.Autosubst_Classes.html#8d6a85eaeff4db0402876b86f2fadc0b

Projects usind\utosubstAutosubst?

Adjediet al. useAutosubst 2 to deal with the raw syntax of a mechanization of the metatheory of Martindf Type Theory.

Castro shows that bounded quantification makes subtyping and type checking undecidable in Syste#a yusing the synthetic approach of the
Coq Library of Undecidability Proofs

Dudgrghef?erland Pautassouse Autosubst to provide binder boilerplate for a purely syntactical proof of strong normalization for the simply
typed” -calculus

Forster et al. present a formalization of the metatheory of calby-push-value

Forster, Kirst and Wehr prove completeness theorems for firsbrder logic

Giarrusso et al. useAutosubstq Y WUNIJ UK ¢ qU WA Wqc q6 Y1 ! IBYnWERCTGCKY WHYI JWa! GUIW !+ q1Ja W
Kaiser et al. formally verify the correspondence between the two sorted presentation of System F and its presentation as agiype system

Mizuno andSumiiformally verify the correspondence between caHby-need and calltby-name. Their development also includes a proof of the
standardization theorem for -calculus.

Pottier presents a machine checked development of the CPS translation for the purecalculus with a let construct.

Spies and Forster formalise undecidability results concerning higheorder unification in the simply-typed lambda-calculus with beta-
conversion

Timanyet al. present a logical relations model of a higheorder functional programming language with impredicative and imperative ggures
and show that scoped effectful computations are observationally pure.

Timanyand Birkedal build_a tool for interactive mechanized relational verification of programs written in a concurrent higherder imperative
programming language with continuations.

Tiroreet al. useAutosubst 2 to generate syntax for multiparty session types
Wand et al. present a complete reasoning principle for contextual equivalence in an untyped probabilistic programming languag

o Po o Bo P Bo o Do Do Io Do Do P Do I

Winterhalter uses Autosubst 2 to deal with binders for ghost type theory (GTT)



... but: also complicates things.

Well Scoped Syntax

Idea: Terms are indexed by the upper bound of free variables.

For example:

Inductive tm (n : nat ) :=

| var fin n Y tm n

| app : tm n Y tm n Y tm n
| I am tm (S n) Y tm n.

Example: —reduction rule for_-terms _

x &€ FV s Well scoped by constructionT if
\L. ST D> s A(s[1]0) > s the shift is not included, an error is thrown

—

Adams, R.Formalized metatheory with terms represented by an indexed family of types. In: Types for Proofs
YR t NPIN} YA WYWnco
Bir d, R. , Pater son, R.: de Bruijn notation as a ne



One Bottleneck: Efficiency of Rewriting

Mathis Bouverot-Dupuis:
Recent internship with Théo Winterhalter on a
reflective version of theasimpl tactic.




What Other Binder Support Should There Be".

ASupport for not only decidability but matching with assumptions

ASupport for traversals over syntax with binders
A GOCRt WIgqecGOAWs [ AWK ZENWRUW NI ¢

Alntrinsically-encoded inductive types, e.g.
A GGc¢cRI WJqWedtoAaWs [ AWk =N
AFiore/ Szamozvancef LA § A x Wh = =

ABinding for Substructural Languages, e.g.

AWood and Atkey- A framework for semiringannotated type systems,
EES§ Allh ==

AZackon, Sano,Momigliano, Pientkart Split Decisions: Explicit Contexts for
Eza Ht ql aFthaI cidlWxcecUNecenNIJt AW9 AALWK =P



What Form Should a Binder Library Take?

Comparison of three approaches:

A Special-purpose proof assistant (here:
Beluga)

A Library with code generation Autosubst)

A Library using an intrinsic representation by
Allais et al.

|ZU064-05-FPR main 5 November 2019 12:46

Under consideration for publication in J. Functional Programming 1

POPLMark Reloaded:
Mechanizing Proofs by Logical Relations
ANDREAS ABEL

Department of Computer Science and Engineering, Gothenburg University, Gothenburg,
Sweden

GUILLAUME ALLAIS
iCIS, Radboud University, Nijmegen, Netherlands

ALIYA HAMEER and BRIGITTE PIENTKA
School of Computer Science, McGill University, Montreal, Canada

ALBERTO MOMIGLIANO
Department of Computer Science, Universita degli Studi di Milano, Milan, Italy

STEVEN SCHAFER and KATHRIN STARK
Saarland Informatics Campus, Saarland University, Saarland, Germany



NYT ¢! Kkt WNc¢ Gt

1. Autosubst T a library for binders
2. Cogala Carte- Towards a library for modular proofs



NYT ¢! Kkt WNc¢ Gt

1. AutosubstTa library for binders
2. Cog ala Carte - Towards a library for modular proofs



Al YYnWidRHI ¢ RIJ
but how do they cope with
inductive proofs?




Extending Inductive Proofs

AYou start with the lambdacalculus:
N 0 o w|i of_ &
AYou give
A Recursive functions on terms
A Proofs by induction on terms
A And predicates and proofs over terms

As Wc Ul Waq 6 l&xidhid thidkaldllasYdy.
by Boolean expressions:
(ON 0 4 E | 0| QI Q@ d b Q

ATrue modularity: /es FOKO@ We T T WU s WHet 131 LIJG] a6 I

A4

| ¢cqca! GULWa e Ws RagéYe qWl WHYAGGRGRUNI

Not necessarily as
regular as in the case
of substitution, but

modular enough that it
T YUt Uk qW+HGE
extensions

uniuu




Can we avoid the copypaste?



Related Work (1)
True Modularity in Haskell: Data Types a la Cavieefstra 2008]

AFeaturesas functors, e.qg.

Inductive exp (exp : Type) =

| var : nat Y e X @exp

| app : exp Y e Y exp
| abs : exp eXp. exp

AAgeneral expression typeas fixed point of functors:
|l nductive exp (F : Type Y Type) : type
| |l n F (exp F) Y exp F.
and variants which instantiate the general data type with coproducts of
feature functors.

AFunctions = algebras, assembling via type classes



Related Work (I1)

True Modularity in a Proof Assistant?

AProblem: The general expression type is impossible in a proof
assistant due to the restriction to positivity!

ASolution: Encode the functor.
AModular Type Safety Proofs in Agd&chwaab and Siek, 2013]
AMeta-Theory a la CartdDelaware et al., 2008]
AGeneric Data Types a la CartfKeuchel et al., 2013]
AModular Monadic MetaTheory[Delaware et al., 2013]



Coq a la Carte
A Practical Approach to Modular Syntax with Binders

Yannick Forster
Saarland University
Saarland Informatics Campus, Saarbriicken, Germany
forster@ps.uni-saarland.de

Abstract

The mechanisation of the meta-theory of programming lan-
guages is still considered hard and requires considerable
effort. When formalising properties of the extension of a
language, one hence wants to reuse definitions and proofs.
But type-theoretic proof assistants use inductive types and
predicates to formalise syntax and type systems, and these
definitions are closed to extensions. Available approaches for
modular syntax are either inapplicable to type theory or add
a layer of indirectness by requiring complicated encodings
of types.

We present a concise, transparent, and accessible approach
to modular syntax with binders by adapting Swierstra’s Data
Types a la Carte approach to the Coq proof assistant. Our
approach relies on two phases of code generation: We extend
the Autosubst 2 tool and allow users to specify modular
syntax with binders in a HOAS-like input language. To state
and automatically compose modular functions and lemmas,
we implement commands based on MetaCoq. We support
modular syntax, functions, predicates, and theorems.

We demonstrate the practicality of our approach by mod-
ular proofs of preservation, weak head normalisation, and
strong normalisation for several variants of mini-ML.

CCS Concepts « Theory of computation — Lambda
calculus; Type theory; - Software and its engineering
— Syntax.

Keywords modular syntax, syntax with binders, Coq
ACM Reference Format:

Yannick Forster and Kathrin Stark. 2020. Coq 4 la Carte: A Practical
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and Proofs (CPP "20), January 20-21, 2020, New Orleans, LA, USA.

Kathrin Stark
Saarland University
Saarland Informatics Campus, Saarbriicken, Germany
kstark@ps.uni-saarland.de

ACM, New York, NY, USA, 15 pages. https://doi.org/10.1145/3372885.
3373817

1 Introduction

Despite all efforts, 15 years after the POPLMark challenge [3],
mechanising proofs concerning syntax with binders in proof
assistants is still considered hard. Besides the treatment of
binders, both the POPLMark and the POPLMark Reloaded [2]
challenge hence focus attention on component reuse. Com-
ponent reuse covers both reusing definitions and parts of
proofs. However, to the best of our knowledge, all submitted
solutions to either challenge follow a copy-paste approach
and do not actually reuse proofs.

Copy-pasting proofs results in inelegant and hard-to--
maintain developments, but so far, there is hardly an al-
ternative. While suggestions how to use modular syn-
tax [6, 11, 20, 23, 29] for proof assistants like Coq and Agda
exist, we failed to locate a development based on one of the
proposed solutions, apart from the case studies contained in
the publications. The POPLMark challenge suggests three
evaluation criteria to judge the practicality of a formalisa-
tion: conciseness, transparency, and accessibility. These cri-
teria are directly applicable to evaluate the practicality of
an approach for modular syntax: the overhead in using the
modular approach should be reasonable (conciseness), the
content of definitions and theorems should be apparent to
someone unfamiliar with the approach (transparency), and
the cost of entry should be reasonable (accessibility).

In the programming context, the problem of reusing defi-
nitions is called the expression problem [40]:

“The goal is to define a datatype by cases, where
one can add new cases to the datatype and new

the publications. The POPLMark challenge suggests three
evaluation criteria to judge the practicality of a formalisa-
tion: conciseness, transparency, and accessibility. These cri-
teria are directly applicable to evaluate the practicality of
an approach for modular syntax: the overhead in using the
modular approach should be reasonable (conciseness), the
content of definitions and theorems should be apparent to
someone unfamiliar with the approach (transparency), and
the cost of entry should be reasonable (accessibility).



A Practical Approach to Modular Syntax

AModular syntax via functions andvariants with direct injectionsinspired by
Data Types a la Cart¢Swierstrah MY e
Inductive exp , (exp : Type) :=
| var : nat — exp, exp
| app: exp — exp — exp , exp
| abs : exp — exp , exp.
Inductive exp :=

F : Type V.ﬂ:)e) | inj, teyYpR &p — &p

nductive exp
| n | injg : exp — exp.

| (
| F (exp F
ATool support:

A Boilerplate generation with an extension oAutosubst 2
A Assembling viaMetaRocq[Sozeaul] q) LW¢ G FOA WHh N ® e

AResult:

A Practical modular developments
A Improvement from 1000 loc/feature to 125 loc/feature



De m O Inductive exp, :=

| INJyar :expvar exPz — expz

Generated Parts: Defining a New Variant | injy : exp; expy = expy

| injg : expg exp, — exp,.

Section exp_plus.
Variable exp : Type.

inj : exp, exp — exp
Inductive exp_plus : Type :i=

| atom : nat -> exp_plus ///////////””—____ﬁ“\\\\\\\\\\‘

| plus : exp ->exp -> exp_plus.

eXP , exXp exp
Variable retract_exp_plus : retract exp_plus exp. P,

Definition atom_ (s@ : nat ) : exp :=
inj (atom s0). retr : exp — O (exp ) exp)

Definition plus_ (s@ : exp ) (s1 : exp ) : exp :=

If retr y = Some X, then inj x = .
inj (plus s@ s1).

End exp_plusJ

Possibility to lift constructors from
features to variants[Swierstrad LUh MY e



Demo

Generated Parts

Section exp_opt.
Variable exp : Type.

Inductive exp_opt : Type :=
| none : exp_opt
| some : exp —> exp_opt .

Variable retract_exp_opt : retract exp_opt exp.

Definition none_
inj (none ).

Definition some_ (s@ : exp )
inj (some s0).

End exp_opt.




Demo

Generated Parts

Section exp.

Inductive exp : Type :=
| In_exp_plus : exp_plus exp -> exp
| In_exp_arr : exp_arr exp -> exp
| In_exp_opt : exp_opt exp -> exp .

Lemma congr_In_exp_plus { s@ : exp_plus exp } { t@ : exp_plus exp } : s@ = t@ —> In_exp_plus s@
Proof. congruence. Qed.

Lemma congr_In_exp_arr { s@ : exp_arr exp } { t@ : exp_arr exp } : s@ = t@ —> In_exp_arr s@
Proof. congruence. Qed.

Lemma congr_In_exp_opt { s@ : exp_opt exp } { t@ : exp_opt exp } : s@ = t@ —> In_exp_opt s0@
Proof. congruence. Qed.

Global Instance retract_exp_plus_exp : retract (exp_plus exp) exp := Build_retract In_exp_plus (f
| In_exp_plus s => Datatypes.Some s

| _ => Datatypes.None

end) (fun s => eq_refl) (fun s t => match t with

| In_exp_plus t' => fun H => congr_In_exp_plus (eq_sym (Some_inj H))

| _ => some_none_explosion

end)

Global Instance retract_exp_opt_exp : retract (exp_opt exp) exp := Build_retract In_exp_opt (fun
| In_exp_opt s => Datatypes.Some s

| _ => Datatypes.None

end) (fun s => eq_refl) (fun s t => match t with

| In_exp_opt t' => fun H => congr_In_exp_opt (eq_sym (Some_inj H))

| _ => some_none_explosion

end)

Global Instance retract exp arr exp : retract (exp arr exp) exp := Build retract In exp arr (fun

Generated proof of the
retract property




Demo

Userdefined Parts: Generation of Inductive Predicates

Variable exp: Type.
Context “{retract (exp_plus exp) exp}.

Variable wtyped : exp —> ty -> Prop.
Inductive wtyped_plus : exp —> ty —> Prop :=

| ok_value n : wtyped_plus (atom_ n) TNat

| ok_plus s t : wtyped s TNat —> wtyped t TNat —> wtyped_plus (plus_ s t) TNat.

Variable eval : exp -> exp —> Prop.

Inductive eval_plus : exp —> exp —> Prop :=

| stepl el el' e2 : eval el el' —> eval_plus (plus_ el e2) (plus_ el' e2)
| stepr el e2 e2': eval e2 e2' —> eval_plus (plus_ el e2) (plus_ el e2')
| sum n1 n2 : eval_plus (plus_ (atom_ nl) (atom_ n2)) (atom_ (nl1l + n2)).

Hint Constructors wtyped_plus eval_plus.




Demo
Userdefined Parts: A Proof of Type Safety (Composition)



