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The long version of this
talk from AITP 2022
is on my YouTube!
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AI for Proofs
Renaissance
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AI for Proofs

 It’s pretty

        Proofs          AI

    It’s hard

     It’s grounded    

             “AGI”             

           Weird bets
         over what AI
      can do by
   202x or 203x

Programs are
terrible and
everything is
always broken

Imagine if we
could trust
literally anything
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      It’s useful 
      and a fun    
      challenge

 



Most AI for proofs:
1. tactic prediction,
2. synthesis,
3. autoformalization,
4. premise selection, and
5. concept alignment. 
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Don’t stop doing:
1. tactic prediction,
2. synthesis,
3. autoformalization,
4. premise selection, and
5. concept alignment. 

But …
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Do lots more:
1. conjecture testing,
2. lemma discovery,
3. relation discovery,
4. proof reuse & repair, and
5. semantic search.

You won’t regret it!
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The death loop
is a symptom of
gaming proofs.

Conjecture Testing (Task 1 of 5)



22

 Program

        Experts Proof Assistant

✓

✓

✗

        Proof

Conjecture Testing (Task 1 of 5)

Is this true?

Specification

What Experts Do



23

 Program

        Experts Proof Assistant

✓

✓

✗

        Proof

Conjecture Testing (Task 1 of 5)

And strong too?
Is this true?

Specification

What Experts Do



24

 Program

        Experts Proof Assistant

✓

✓

✗

        Proof

Conjecture Testing (Task 1 of 5)

And strong too?
Is this true?

Specification

    Deja vu?

What Experts Do



25

 Program

        Experts Proof Assistant

✓

✓

        Proof

Conjecture Testing (Task 1 of 5)

Specification

It’s the spec.

✓

What Experts Do



26

 Program

        Experts Proof Assistant

✓

✓

        Proof

Conjecture Testing (Task 1 of 5)

It’s the proof.

Specification

✓

What Experts Do



Good automation ought to
answer these questions.

27Conjecture Testing (Task 1 of 5)



Static proof data mostly
contains true conjectures,
plus getting symbolic tools
to play nicely with ML is
hard but needed.

28Conjecture Testing (Task 1 of 5)

What’s Hard



More granular data via
instrumentation, capturing
the development process?

29Conjecture Testing (Task 1 of 5)

Ideas💡



Synthetic data with
false propositions?

30Conjecture Testing (Task 1 of 5)

Ideas💡



Combine ML with or train for
property-based testing or
counterexample generation?

31Conjecture Testing (Task 1 of 5)

Ideas💡



Your ideas here!

32Conjecture Testing (Task 1 of 5)

Ideas💡
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Do lots more:
1. conjecture testing,
2. lemma discovery,
3. relation discovery,
4. proof reuse & repair, and
5. semantic search.

You won’t regret it!
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        Experts Proof Assistant

✓

✓

✗

        Proof

 Lemma Discovery (Task 2 of 5)

Helper lemmas for 
helper functions!

      Inductive
        Helper

Recursive     
  Helper

Not Just Useful—Essential
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Good automation ought to
help us find these lemmas.

48 Lemma Discovery (Task 2 of 5)



Static data already has the 
perfect lemmas, but hides
the discovery process.
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What’s Hard

 Lemma Discovery (Task 2 of 5)



Learn to predict those
perfect lemmas anyways?
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Ideas💡

 Lemma Discovery (Task 2 of 5)



Learn to predict lemmas
that mirror the structure
of the definitions and
programs?
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Ideas💡

 Lemma Discovery (Task 2 of 5)



More granular data via
instrumentation, capturing
the development process?
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Ideas💡💡

 Lemma Discovery (Task 2 of 5)



Your ideas here!

53

Ideas💡

 Lemma Discovery (Task 2 of 5)
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        Experts Proof Assistant

✓
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this?
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Do lots more:
1. conjecture testing,
2. lemma discovery,
3. relation discovery,
4. proof reuse & repair, and
5. semantic search.

You won’t regret it!
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62 Relation Discovery (Task 3 of 5)

Argh!

It’s Hard
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 Program

       Inference

      

 Relation Discovery (Task 3 of 5)

 Help Me

          User
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Wow I’ve 
never seen 
anything like 
this before!

Argh!

It’s Hard



AlphaGo lost a match
because of this kind of thing.

66 Relation Discovery (Task 3 of 5)



In the world of proofs,
small changes can
break everything.

67 Relation Discovery (Task 3 of 5)



Good automation ought to
discover general relations.

68 Relation Discovery (Task 3 of 5)



These relations are often
not explicitly stated, and
often lack reasonable 
syntactic proxies.
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What’s Hard

 Relation Discovery (Task 3 of 5)



Force the user to write
a few example functions
or proofs over the new
datatype?
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Ideas💡

 Relation Discovery (Task 3 of 5)



Semantically embed
types and their relations?
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Ideas💡

 Relation Discovery (Task 3 of 5)



Allow the model to play
with the datatypes?
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Ideas💡

 Relation Discovery (Task 3 of 5)



Combine with
property-based testing?
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Ideas💡💡

 Relation Discovery (Task 3 of 5)



Your ideas here!
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Ideas💡

 Relation Discovery (Task 3 of 5)
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 Program

       Inference

      

 Relation Discovery (Task 3 of 5)

 Help Me

          User

What

This is 
equivalent 
to unary!

So What?



Do lots more:
1. conjecture testing,
2. lemma discovery,
3. relation discovery,
4. proof reuse & repair, and
5. semantic search.

You won’t regret it!
76



                      N
nat_to_N

N_to_nat

      nat

77

77Proof Reuse & Repair (Task 4 of 5)

So Far
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80Proof Reuse & Repair (Task 4 of 5)

Still too manual

Just equivalences

Only experts can extend

No human-friendly proof scripts

It’s Hard



Good automation ought to
adapt proofs to change.

81Proof Reuse & Repair (Task 4 of 5)
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82Proof Reuse & Repair (Task 4 of 5)

Only the necessary human input

Any kind of relation

Not gated by experts

Human-friendly proof scripts

Imagine



Most data sources hide 
atomic edits, plus literally 
nobody knows how to solve
this yet for some classes of 
changes.
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What’s Hard

Proof Reuse & Repair (Task 4 of 5)



Type theory work to better
understand classes of
changes, like quotient
equivalences.
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Ideas💡

Proof Reuse & Repair (Task 4 of 5)

 



More granular data via
instrumentation, capturing
the development process?

85

Ideas💡💡💡

Proof Reuse & Repair (Task 4 of 5)



Train model to break down
less granular repairs?
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Ideas💡

Proof Reuse & Repair (Task 4 of 5)



More datasets capturing
synthetic repair data?
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Ideas💡

Proof Reuse & Repair (Task 4 of 5)



More datasets capturing
existing public repair data?
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Ideas💡

Proof Reuse & Repair (Task 4 of 5)



More datasets!
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Ideas💡

Proof Reuse & Repair (Task 4 of 5)



Allow the model to play
with and learn from 
symbolic proof repair tools?
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Ideas💡

Proof Reuse & Repair (Task 4 of 5)



Embed repairs across
equivalences as paths
in higher-dimensional
spaces, a la cubical type 
theory (so that proof repair
becomes path finding)?
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Ideas💡

Proof Reuse & Repair (Task 4 of 5)
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Ideas💡

Proof Reuse & Repair (Task 4 of 5)

Use e-graphs to compress
knowledge about
equivalences?
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Ideas💡

Proof Reuse & Repair (Task 4 of 5)

Your ideas here!



Even cooler: crawl proof
corpora and construct a
knowledge graph.

94Proof Reuse & Repair (Task 4 of 5)

New Frontiers



Even cooler:
combine with something
like a search engine.

95Proof Reuse & Repair (Task 4 of 5)

New Frontiers



Voevodsky’s vision (IAS Memorial):
Imagine “mathematicians around the 
world could collaborate by depositing 
proofs and constructions in the 
computer, and … it would be up to the 
computer to locate the equivalence 
between formulations and [to] 
transport the constructions from one 
context to another.”

96Proof Reuse & Repair (Task 4 of 5)



Do lots more:
1. conjecture testing,
2. lemma discovery,
3. relation discovery,
4. proof reuse & repair, and
5. semantic search.

You won’t regret it!
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Proof Engineer Proof Assistant

 Search

        Semantic Search (Task 5 of 5)

  Godspeed

So Far



Search is the #1 complaint in 
my proof automation class.

100        Semantic Search (Task 5 of 5)

So Far
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101

Online

Semantics-aware

Context-and-goal-aware

Mixed natural and formal queries

        Semantic Search (Task 5 of 5)

Imagine



We need to develop an
internet of proofs.
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What’s Hard

        Semantic Search (Task 5 of 5)



Build the internet of proofs: 
an online, shared, updating, 
cross-language database of 
all of the proof data we have.
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Ideas💡

        Semantic Search (Task 5 of 5)



Let’s bring this all together.
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Imagine:
A Proof Search Engine
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106

Online

Semantics-aware

Context-and-goal-aware

Mixed natural and formal queries

A Proof Search Engine
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Refine natural language to specs

Create or discover helper lemmas

Find and adapt existing proofs

Discover relevant proof strategies

A Proof Search Engine



It’ll draw on:
1. conjecture testing,
2. lemma discovery,
3. relation discovery,
4. proof reuse & repair, and
5. semantic search.
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A Proof Search Engine



It’ll help us with:
1. conjecture testing,
2. lemma discovery,
3. relation discovery,
4. proof reuse & repair, and
5. semantic search.
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A Proof Search Engine



It’ll help us with:
1. tactic prediction,
2. synthesis,
3. autoformalization,
4. premise selection, and
5. concept alignment. 
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A Proof Search Engine



No Matter the Motivation

 It’s pretty

        Proofs          AI

    It’s hard

     It’s grounded    

             “AGI”             

           Weird bets
         over what AI
      can do by
   202x or 203x

Programs are
terrible and
everything is
always broken

Imagine if we
could trust
literally anything

      
      It’s useful 
      and a fun    
      challenge

 



Natural allies with
a common cause.
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Let’s do lots more:
1. conjecture testing,
2. lemma discovery,
3. relation discovery,
4. proof reuse & repair, and
5. semantic search.

We won’t regret it!
113


