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Motivation

@ Ring theory has a wide range of applications in several fields of knowledge
» combinatorics, algebraic cryptography and coding theory apply finite
(commutative) rings [1];

> ring theory forms the basis for algebraic geometry, which has applications in
engineering, statistics, biological modeling, and computer algebra [7].
A complete formalization of ring theory would make possible the formal

verification of elaborated theories involving rings in their scope.

o Formalizing rings will enrich the mathematical libraries of PVS:

https://github.com/nasa/pvslib/tree /master/algebra
‘ algebraic theories ‘

lsl,

‘ algebraic structures ‘

ond
Formalization approach
or S =» <= Dac



https://github.com/nasa/pvslib/tree/master/algebra

Ring theory - An Overview
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Figure: Hierarchy of the sub-theories for the three isomorphism theorems for rings (Taken

from [2])
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theory - An Overview
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Ring theory - An Overview

Journal of [2] de Lima, Galdino, Avelar, Ayala-Rincén
?{x?:lfg Formalization of Ring Theory in PVS: Isomorphism Theorems, Principal,
x Prime and Maximal Ideals, Chinese Remainder Theorem
; :}r(} Journal of Automated Reasoning, 2021
<L

5

https://doi.org/10.1007/s10817-021-09593-0

e Formalization of the general algebraic-theoretical version of the Chinese
remainder theorem (CRT) for the theory of rings, proved as a consequence of

the first isomorphism theorem.

@ The number-theoretical version of CRT for the structure of integers is

obtained as a consequence.

CRT for rings ~ CRT for Z

13/ 211,(]

Formalization approach
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https://doi.org/10.1007/s10817-021-09593-0

CRT for integers
Consider m a positive integer such that m = my - my ... - m,., where
ged(mi,my) = 1,4 # j. Then
Ty, = Zpy X Ziyy X
Then

e o X Ly,
CRT for (non-necessarily commutative) rings

R/A1N A, ...

Let R be a ring and A4, As, ... A, comaximal ideals of R (A4; + A; = R, i # j).
NA.~2R/A; x R/As x ... x R/A,
o = = = DA




Euclidean Domains and Algorithms

© Euclidean Domains and Algorithms
@ Correctness of the Abstract Euclidean Algorithm

@ Correctness of Euclidean Algorithms on Z and Z[i].
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Euclidean Domains and Algorithms

a=b *q+r

0<r<b

19=5%3+4
5=4%1+1
4=1%4+0
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Euclidean Domains and Algorithms
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Euclidean Domains and Algorithms

A Euclidean ring is a commutative ring R equipped with a norm ¢ over
R\ {zero}, where an abstract version of the well-known Euclid’s division lemma
holds. Euclidean rings and domains are specified in the subtheories

euclidean_ring def (£ and euclidean_domain_def (4.

euclidean_ring?(R): bool =

commutative_ring?(R) AND
EXISTS (phi: [(R - {zero}) -> nat]):
FORALL(a,b: (R)):

((axb /= zero IMPLIES phi(a) <= phi(axb)) AND
(b /= zero IMPLIES
EXISTS(q,r:(R)):

(a = g*b+r AND (r = zero OR (r /= zero AND phi(r) < phi(b))))))

euclidean_domain?(R): bool =

euclidean_ring?(R) AND

integral_domain_w_one?(R)

=] F = = DA
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https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/euclidean_ring_def.pvs#L24-L56
https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/euclidean_domain_def.pvs#L25-L38

Euclidean Domains and Algorithms

The theory Euclidean_ring def (' includes two additional definitions to allow
abstraction of acceptable Euclidean norms, ¢, and associated functions, fy,

fulfilling the properties of Euclidean rings.

Euclidean_pair?(R : (Euclidean_ring?), phi: [(R - {zero}) -> nat]) : bool =
FORALL(a,b: (R)): ((a*b /= zero IMPLIES phi(a) <= phi(a*b)) AND
(b /= zero IMPLIES
EXISTS(q,r:(R)): (a = q¥b+r AND
(r = zero OR (r /= zero AND phi(r) < phi(b))))))

Euclidean_f_phi?(R : (Euclidean_ring?),
phi : [(R - {zerol}) -> nat] | Euclidean_pair?(R,phi))
(f_phi : [(R) , (R - {zero}) -> [(R),(R)]]) : bool =
FORALL (a : (R), b :(R - {zerol})):
IF a = zero THEN f_phi(a,b) = (zero, zero)
ELSE LET div = f_phi(a,b) 1, rem = f_phi(a,b) 2 IN
a = div * b + rem AND

(rem = zero OR (rem /= zero AND phi(rem) < phi(b)))
ENDIF

=] F = = nac
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https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/euclidean_ring_def.pvs#L24-L56

Euclidean Domains and Algorithms

Using the previous two relations, a general abstract recursive Euclidean gcd
algorithm is specified in the sub-theory ring euclidean algorithm (' as the
definition Euclidean_gcd_algorithm (4" .

Euclidean_gcd_algorithm(
R : (Euclidean_domain?[T,+,*,zero,onel),
(phi: [(R - {zero}) -> nat] | Euclidean_pair?(R,phi)),
(f_phi: [(R),(R - {zerol}) -> [(R),(R)I] |
Euclidean_f_phi?(R,phi) (f_phi)))
(a: (R), b: (R - {zero})) : RECURSIVE (R - {zero}) =
IF a = zero THEN b
ELSIF phi(a) >= phi(b) THEN
LET rem = (f_phi(a,b)) 2 IN
IF rem = zero THEN b
ELSE Euclidean_gcd_algorithm(R,phi,f_phi)(b,rem)
ENDIF
ELSE Euclidean_gcd_algorithm(R,phi,f_phi)(b,a)
ENDIF
MEASURE lex2(phi(b), IF a = zero THEN 0 ELSE phi(a) ENDIF)

=] F = = DA
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https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/ring_euclidean_algorithm.pvs#L23-L67
https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/ring_euclidean_algorithm.pvs#L36-L48

euclidean_gcd_algorithm_TCC9:
FORALL (R:

The termination of the algorithm is guaranteed proving that proof obligations ('
(termination Type Correctness Conditions - TCCs) generated by PVS hold. For
instance:

OBLIGATION
(euclidean_domain?[T, +, *, zero, onel),
(phi: [(difference(R, singleton(zero))) -> nat]
| euclidean_pair?[T, +, *, zero]l (R, phi)),
(f_phi: [[(R), (remove(zero, R))] -> [(R), (R)]]
| euclidean_f_phi?[T, +, *, zerol(R, phi)(f_phi)),
a: (R), b: (remove[T](zero, R))):
NOT a = zero AND phi(a) >= phi(b) IMPLIES
FORALL (rem: (R)):
rem = (f_phi(a, b)) 2 AND NOT rem = zero IMPLIES
lex2(phi(rem), IF b = zero THEN O ELSE phi(b) ENDIF) <
lex2(phi(b), IF a = zero THEN O ELSE phi(a) ENDIF)
It uses the lexicographical MEASURE provided in the specification. The measure
decreases after each possible recursive call.
o« = = Hae


https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/ring_euclidean_algorithm.tccs#L105-L119

Euclidean Domains and Algorithms

The Euclid_theorem (' establishes the correctness of each recursive step
regarding the abstract definition of gcd (4 . It states that given adequate ¢ and
fe, the ged of a pair (a,b) is equal to the gcd of the pair (rem,b), where rem is
computed by fs. Notice that since Euclidean rings allow a variety of Euclidean

norms and associated functions (e.g., [6], [4]), gcd is specified as a relation.

Euclid_theorem : LEMMA

FORALL(R:(Euclidean_domain?[T,+,*,zero,onel]),
(phi: [(R - {zero}) -> nat] | Euclidean_pair?(R, phi)),
(f_phi: [(R),(R - {zero}) -> [(R),(R)]I] |
Euclidean_f_phi?(R,phi) (f_phi)),
a: (R), b: (R - {zero}), g : (R - {zerol}))
gcd?(R)({x : (R) | x = a OR x = b}, g) IFF
gcd?(R)({x : (R) | x = (f_phi(a,b)) 2 OR x = b}, g)

gcd?(R)(X: {X | NOT empty?(X) AND subset?(X,R)}, d:(R - {zero})):
(FORALL a: member(a, X) IMPLIES divides?(R)(d,a)) AND
(FORALL (c:(R - {zerol})):
(FORALL a: member(a,
divides?(R) (c,d))

bool =

X) IMPLIES divides?(R)(c,a)) IMPLIES

o = DAy
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https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/ring_euclidean_algorithm.pvs#L51-L57
https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/ring_gcd_def.pvs#L36-L40

Euclidean Domains and Algorithms

Finally, the theorem Euclidean_gcd_alg_correctness (£ formalizes the
correctness of the abstract Euclidean algorithm. The proof is by induction. For an
input pair (a,b), in the inductive step of the proof, when ¢(b) > ¢(a) and the
recursive call swaps the arguments the lexicographic measure decreases.
Otherwise, when the recursive call is

Euclidean gcd_algorithm(R, ¢, fy)(b, 7em) the measure decreases and by

application of Euclid_theorem, one concludes.

Euclidean_gcd_alg_correctness : THEOREM
FORALL(R:(Euclidean_domain?[T,+,*,zero,onel),
(phi: [(R - {zero}) -> nat] | Euclidean_pair?(R, phi)),
(f_phi: [(R),(R - {zero}) -> [(R),(R)I] |
Euclidean_f_phi?(R,phi) (f_phi)),
a: (R), b: (R - {zerol}) )
gcd?(R)({x : (R) | x = a OR x = b},

Euclidean_gcd_algorithm(R,phi,f_phi)(a,b))

=] F = = nac
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https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/ring_euclidean_algorithm.pvs#L60-L65

Euclidean Domains and Algorithms

© Euclidean Domains and Algorithms

@ Correctness of Euclidean Algorithms on Z and Z[i].
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Euclidean Domains and Algorithms

Corollary Euclidean_gcd_alg_correctness_in Z (4 gives the Euclidean
algorithm correctness for the Euclidean ring of integers, 7Z. It states that the
parameterized abstract algorithm, Euclidean gcd algorithm[int,+,*,0,1]
satisfies the relation gcd? [int,+,*,0], for any i,j € Z,j # 0.

It follows from the correctness of the abstract Euclidean algorithm and requires
proving that ¢z and fy, fulfill the definition of Euclidean rings. The latter is
formalized as lemma phi_Z_and_f _phi_Z_ok (£

phi_z(i : int | i /= 0) : posnat = abs(i)

f_phi_Z(i : dint, (j : dint | j /= 0)) : [int, belowl[abs(j)]] =
((IF j > 0 THEN ndiv(i,j) ELSE -ndiv(i,-j) ENDIF), rem(abs(j))(i))

phi_Z_and_f_phi_Z_ok : LEMMA Euclidean_f_phi?[int ,+,*,0](Z,phi_Z) (f_phi_Z)

Euclidean_gcd_alg_correctness_in_Z : COROLLARY
FORALL(i: int, (j: int | j /= 0) )
ged?[int ,+,*,0](Z)({x : (Z) | x = i OR x = j},
Euclidean_gcd_algorithm[int ,+,*,0,1]1(Z, phi_Z,f_phi_Z)(i,j))

=] F = = DA
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https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/ring_euclidean_algorithm.pvs#L94-L96
https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/ring_euclidean_algorithm.pvs#L90-L90

Euclidean Domains and Algorithms

Correctness of the Euclidean algorithm for the Euclidean ring Z[i] of Gaussian
integers.

The Euclidean norm of a Gaussian integer x = (Re(z) + i Im(x)) € Z[i], ¢z)(7),
is selected as the natural given by the multiplication of x by its conjugate

(# = conjugate(r) = Re(x) — i Im(x)): Re(x)? + Im(x)2.

Zi: set[complex] = {z : complex | EXISTS (a,b:int): a = Re(z) AND b = Im(z)}
Zi_is_ring: LEMMA ring?[complex ,+,*,0](Zi)

Zi_is_integral_domain_w_one: LEMMA integral_domain_w_one?[complex ,+,*,0,1](Zi)
phi_Zi(x:(Zi) | x /= 0): nat = x * conjugate (x)

phi_Zi_is_multiplicative: LEMMA

FORALL ((x: (Zi) | x /= 0), (y: (Zi) | y /= 0)):
phi_Zi(x * y) = phi_Zi(x) * phi_Zi(y)

Thaynara A. de Lima Universidade Federal de Goias General abstract formalizations



Euclidean Domains and Algorithms

Step 1:

The auxiliary function div_rem_appx (£' is used to specify the associated
function fy, , for the Euclidean ring Z[i].
e Consider a,b € Z, b # 0.

e Computes the pair of integers (¢, r) such that a = ¢b+r, and |r| < |b|/2

div_rem_appx(a: int, (b: int | b /= 0)) : [int, int] =
LET r = rem(abs (b)) (a),
q = IF b > 0 THEN ndiv(a,b) ELSE -ndiv(a,-b) ENDIF IN

IF r <= abs(b)/2 THEN (q,r)
ELSE IF b > 0 THEN (q+1, r - abs(b))

ELSE (gq-1, r - abs(b))

ENDIF
ENDIF

div_rev_appx_correctness : LEMMA
FORALL (a: int, (b: int | b /= 0))
abs (div_rem_appx(a,b) 2) <= abs(b)/2 AND

a = b * div_rem_appx(a,b) 1 + div_rem_appx(a,b) 2

[} = =
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https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/ring_euclidean_algorithm.pvs#L154-L157

Step 2:
e Consider y € Z[i] and z € Z%;
@ Re(y) = q1x + 71, where |r1| < |z/2|;
o Im(y) = qox + r2, where |ra| < |z/2[;
o Let ¢ = ¢1 +ig2 and r =1y + iry, then y = g(z + 0¢) + 7 and
1t 475 < |z]* = ¢z + 0i).
Step 3:
e Consider y,z € Z[i], x # 0+ 0i;
?y=qr+r, ¢(r) < P(x);
e yT=q(xT) +rz;

e Taker =y —qu.

f_phi_Zi(y: (2i), (x: (zZi) | x /= 0)): [(Zi),(zi)] =
LET q = div_rem_appx(Re(y * conjugate(x)), x * conjugate(x)) 1 +
div_rem_appx (Im(y * conjugate(x)), x * conjugate(x)) 1 * i,

r=y-gq* x IN (q,r)

u}
t)
I
1l
i
S
ye)
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Euclidean Domains and Algorithms

Corollary Euclidean_gcd_alg. in_Zi (' gives the correctness of the Euclidean
algorithm for the Euclidean ring Z[i].

This is a consequence of the correctness of the abstract Euclidean algorithm and
lemma phi_Zi_and_f_phi_Zi_ok (4' that states that ¢z[q and f¢Zm are adequate
for Z[i]: Euclidean f phi?[complex, +,*, O[(Z[d], dzpi)) (fouy)-

phi_Zi_and_f_phi_Zi_ok: LEMMA
Euclidean_f_phi?[complex ,+,*,0](Zi,phi_Zi)(f_phi_Zi)

Euclidean_gcd_alg_in_Zi: COROLLARY
FORALL(x: (Zi), (y: (Zi) | y /= 0) )
gcd?[complex ,+,*,01(Zi)({z :(Zi) | z = x OR z = y},

Euclidean_gcd_algorithm[complex ,+,%,0,1]1(Zi, phi_Zi,f_phi_Zi)(x,y))

=] F = = nac
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https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/ring_euclidean_algorithm.pvs#L186-L188
https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/ring_euclidean_algorithm.pvs#L177-L177

Euclidean Domains and Algorithms

| Euclidean algorithm for Z |

Euclidean algorithm for rings| o |Euc|idean algorithm for Z[i] |

. nd
1,5:/ 2

Formalization approach
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Quaternions

The theory quaternions_def [T:Type+,+,*: [T,T->T] ,zero,one,a,b:T] @

uses an abstract type T, and assumes group [T, +,zero], and axioms:

[

o R

(zero,
(zero,

(zero,

(a,
(b,

one,
zero,
zero,

zero,

zero,

zero,
one,
zero,

zero,

zero,

zero)
zero)

one)
zero)

zero)

conjugate(v) = (v x, inv(v'y),inv(v - z),inv(v t))
red_norm(v) = v*conjugate(v)
+(u,v):quat=(u x+v'x, u'y+v'y, u'z+v'z, u't+v't);
*(c,v):quat=(c * v'x, ¢ * vy, ¢ * vz, c *x V' t);
*:[quat ,quat -> quatl; Zquat multiplication
sqr_i :AXIOM i * i = a_q
sqr_j :AXIOM j * j = b_q
ij_is_k DAXIOM i * j = k
ji_prod :AXIOM j * i = inv(k)
sc_quat_assoc :AXIOM c*(uxv) = (c*xu)*v
sc_comm :AXIOM (c*xu)*v = ux(c*v)
sc_assoc :AXIOM c*x(d*u) = (c*d)*u
q_distr :AXIOM distributive?[quat]l (%, +)
gq_distrl cAXIOM (u + v) * w = u * W + vV % W
q_assoc :AXIOM associative?[quat] (x)
one_q_times :AXIOM one_q * u = u
times_one_q :AXIOM u * one_q = u

=] = = E E DA
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https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/quaternions_def.pvs#L22-L92

Quaternions

The PVS theory quaternions (4" assumes field[T,+,*,zero,one] and

formalizes several basic properties.

q_prod_charac: LEMMA FORALL (u,v:quat):

u*xv=(ux *x vx + u'y *x vy * a + u'z *x vz *x b+ u't *x v't * inv(a) * b,
u'x *x vy + u'y *x v'x + (inv(b)) * u'z * vt + b*x u't * v'z,
u'x * viz + u'z * v'x +a * u'y * v't + inv(a) *x u't x v'y,

u'x * vt + u'y * vz + inv(u'z * v'y) + u't x v'x )

quat_is_ring_w_one: LEMMA

ring_with_one?[quat,+,*,zero_q,one_q] (fullset [quat])

red_norm_charac: LEMMA FORALL (q: quat):
red_norm(q) = (g x * g x + inv(a) * (q°y * q y) +
inv(b) * (q'z * q7z) + (a * b) * (q°t * q°t),

zZero, zero, zero)

quat _div_ring_char: LEMMA
charac(fullset[T]) /= 2 IMPLIES
((FORALL (x,y:T): a*(x*x) + bx(y*y) /= one) IFF

division_ring?[quat ,+,*,zero_q,one_ql] (fullset[quat]))

[} [ =

il
it
S
»
i)
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https://github.com/mayalarincon/algebraExtended/blob/algebraLPAR/quaternions[T:Type+,+,*:[T,T->T],zero,one:T,a,b:(T-{zero})]#L22-L304

Quaternions

© Quaternions

@ Hamilton's Quaternions
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151‘,

| Quaternions theory over any field | ~ | Hamilton's Quaternions (over R) |
271,(/
Formalization approach
=] = = = a

Formalization of Hamilton's Quaternion
Hamilton’s quaternions are obtained by importing the theory of quaternions using
the field of reals as a parameter, and the real —1 for the parameters a and b:

IMPORTING quaternions[real,+,*,0,1,-1,-1]
The formalization approach follows the principle:




Quaternions

Rotation by Hamilton's Quaternions

N
Vector_part(q) |

Quaternions_Rotation: THEOREM

FORALL (a:(pure_quat), b:(pure_quat) |
norm(Vector_part(a)) = norm(Vector_part(b)) AND
linearly_independent?(Vector_part(a), Vector_part(b))):
LET q = rot_quat(a,b) IN
b = T_q(q)(a)

de Lima, Galdino, de Oliveira Ribeiro, Ayala-Rincén

A Formalization of the General Theory of Quaternions
September9-14,2024 |, 15th International Conference on Interactive Theorem Proving (ITP 2024).
T Leibniz International Proceedings in Informatics (LIPlcs).

Thilisi, Georgia, 2024 https://dOiAOrg/10.4230/LIPICSAITP.2024.1 1
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Quaternions

© Quaternions

o Lagrange's four-square Theorem
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Quaternions

Work in progress

Lagrange's four-square theorem
Given a positive integer number x there are four non-negative integers a, b, ¢, d
such that x = a? + b% + ¢? + d°.

Ideals of Hurwitz f];f‘i:';g;:
Lagrange's identity rings Theoe

P Pl'ime
p=N(x)

Thaynara A. de Lima Universidade Federal de Goias General abstract formalizations



Quaternions

Work in progress - Lagrange's four-square theorem

Lagrange's
four square
Theorem

Hurwitz rings H p: prime
p=N(x)

Ideals of Hurwitz
Lagrange's identity rings.

Lagrange_identity: LEMMA FORALL (a0, al, a2, a3, b0, bl, b2, b3: real):
(a0*a0 + al*xal + a2%a2+ a3*a3) * (b0*b0 + bl*bl + b2xb2 + b3*b3) =
(a0*b0 - al*bl - a2%b2 - a3*b3) * (al0*b0 - alxbl - a2%b2 - a3*b3)+
(a0*bl + alxb0 + a2%b3 - a3*b2) * (alOxbl + al*b0 + a2*b3 - a3*b2)+
(a0*b2 - alxb3 + a2%b0 + a3*bl) * (al0xb2 - al*b3 + a2*b0 + a3*bl)+
(a0*b3 + al*b2 - a2xbl + a3*b0) * (a0*b3 + al*b2 - a2*bl + a3*xb0)

Consider the Hamilton's Quaternions & = (ag, a1, az, az) and y = (bg, b1, ba, b3).
Then
N(z) N(y) = N(z*y)

Thaynara A. de Lima Universidade Federal de Goias General abstract formalizations



Work in progress - Lagrange's four-square theorem
Lagrange's identity

Ideals of Hurwitz Lagrange's
) four square
rings Theorem
Hurwitz rings H p: prime
p=Nx)
IMPORTING algebra@quaternions[rational ,+,*,0,1,-1,-1]
Hurwitz_ring: set[quat] = {q: quat | EXISTS (x, y, z, t: int):
(qx = x/2 AND q°y = x/2 + y AND q"z = x/2 + z AND q°t =
Hurwitz_ring_is_ring_w_one: THEOREM
ring_with_one?[quat ,+,*,zero_q,
Hurwitz_red_norm_charac:
red_norm(q)

Hurwitz_red_norm_is_posint:

Thaynara A. de Lima Univ

ade Federal de Goids

General abstract formalizations

LEMMA FORALL (q: Hurwitz_ring):
integer?((red_norm(q)) x) AND (red_norm(q)) x >= 0

one_ql] (Hurwitz_ring)
LEMMA FORALL (q:

Hurwitz_ring):

(@"x * q°x + 9"y * 9"y + gz * 9"z + 't * q°¢t,

[=]

x/2 + t)}

0, 0, 0)

[=




Work in progress - Lagrange's four-square theorem
Ideals of Hurwitz

P

Lagrange's

four square
Theorem

; g
p: prime

(W) For every ideal I of a Hurwitz ring H, if z in | then there exists u € I and

r € H such that x = r * u.

p=N(x)

=) (Prime Hurwitz ideal) V(p : prime) = {(p* z,p*y,p* z,p* t)} C H.
There exists L ideal of H such that L # H, L # V and V C L.
== VW (p) = {(ao,a1,a2,a3)|a; € Zp} is not a division ring;
D H/V = W(p). |
Oy Fr =r o= D




Quaternions

Work in progress - Lagrange's four-square theorem

Ideals of Hurwitz g:i::ii:
Lagrange's identity rings Theorem

p=Nx)

) |f [ is ideal of H such that L # H, L #V and V C L, there exists r € H
and u € L such that p =7 xwu, and N(r) > 1 and N(u) > 1.

= N(p,0,0,0) =p? = N(r)- N(u).

[ There exists z, v, z,t € Z such that 22 + ¢ + 22 + t2 = p.
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Quaternions

Work in progress

Lagrange's four-square theorem
Given a positive integer number x there are four non-negative integers a, b, ¢, d
such that z = a? + b? + ¢ + d2.

Ideals of Hurwitz fl(;zzrgr;r:lg:r cs
Lagrange's identity rings four sque

:

p=N(x)

By induction on z. J
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Conclusion

Our formalizations follow the principles: first, formalize abstract theories with their

algebraic theories

1st

feard

generic properties; second, obtain particular structures as instantiations of the

general theory and proceed with the formalization of their specialized properties.

algebraic structures

2nd
@ Completing the theory of rings.

Formalization approach

@ Enriching automation of PVS strategies for abstract structures.

=] F = = DA
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