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The main idea

Synthesize a program computing y for any x such that F(x,y) holds

using a saturation-based prover proving Vx.Jy.F (X, V).
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The main idea

term, possibly using if —then—else,
and only containing computable symbols ’ first-order formula

N

Synthesize a program computing y for any x such that F(x,y) holds

using a saturation-based prover proving Vx.Jy.F (X, V).

/

using answer literals,
supporting derivation of clauses C V ans(r) where C is computable,
expressing “if = C, then r is the program”
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Background: Saturation algorithm

Proving Ay A--- AN A, — Vx.dy.F(X,y) by refutation using a saturation algorithm:
1. Create the set of formulas S = {A;, ..., Ap, —Vx.3Jy.F(X,y)}
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% Refutation found. Thanks to Tanya!

1.

! [X1:$int,X0:$int]: 7[X2:$int]: ($greatereq(X2,X0) & $greatereq(X2,X1) & (X0 = X2 | X1 = X2)) [input]

2. ~![X1:$int,X0:$int]: 7[X2:$int]: ($greatereq(X2,X0) & $greatereq(X2,X1) & (X0 = X2

17.

18.

19.
20.
21.
22.
23.
24.
25.
66.
1.
72.

X1 = X2)) [negated conjecture 1]

.~![X1:$int,X0:$int] : 7[X2:$int]: (~$less(X2,X0) & ~$less(X2,X1) & (X0 = X2 | X1 = X2)) [theory

normalization 2]

. ~$less(X0,X0) [theory axiom 144]
10.
16.

~$less(X1,X2) | ~$less(X0,X1) | $less(X0,X2) [theory axiom 145]
~![X0 : $int,X1 : $int] : 7[X2 : $int] : (~$less(X2,X1) & ~$less(X2,X0) & (X1 = X2 | X0 = X2))
[rectify 3]

?[X0 : $int,X1 : $int] : !'[X2 : $int] : ($less(X2,X1) | $less(X2,X0) | (X1 '= X2 & X0 !'= X2))
[ennf transformation 16]
?7[X0 : $int,X1 : $int] : !1[X2 : $int] : ($less(X2,X1) | $less(X2,X0) | (X1 !'= X2 & X0 !'= X2))

=> 1 [X2 : $int] : ($less(X2,sK1) | $less(X2,sK0) | (sK1 !'= X2 & sKO !'= X2)) [choice axiom]
1[X2 : $int] : ($less(X2,sK1) | $less(X2,sK0) | (sK1 != X2 & skKO != X2)) [skolemisation 17,18]
$less(X2,sK1) | $less(X2,sK0) | sKO != X2 [cnf transformation 19]
$less(X2,sK1) | $less(X2,sK0) | sK1 != X2 [cnf transformation 19]
$less(sK1,sK1) | $less(sK1,sK0) [equality resolution 21]
$less(sKO,sK1) | $less(sKO,sKO) [equality resolution 20]
$less(sK1,sK0) [subsumption resolution 22,9]
$less(sKO,sK1) [subsumption resolution 23,9]
~$less(X0,sK1) | $less(X0,sK0) [resolution 10,24]
$less(sK0,sK0) [resolution 66,25]
$false [subsumption resolution 71,9]
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Background: Selected rules of superposition calculus (simplified)

/
Equality resolution: % where 0 := mgu(s,s’).
!/
Binary resolution: L \/(% vﬁDL)gv D here 6 = mgu(L, L").

I=rvC L[I'lVD
(L[r]v CVv D)b

Superposition: where 0 := mgu(/, ').
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4/12



Background: Maximum of two numbers

Conjecture: Vxi,x0 € Z. dy € Z(y > xa ANy > xo Ay =x1 Vy = x2))
Axioms: Vx € Z.—x < x, Vxo,x1,x2 € Z.((x0 < x1 A x1 < x2) = X0 < X2)
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Background: Maximum of two numbers

Conjecture: Vxi,x0 € Z. dy € Z(y > x1 ANy Zxo Ay =x1 Vy = x2))

Axioms: Vx € Z.—x < x,
1.

10.

© N RE W

y<oiVy<oaVy# o1
y<oiVy<oaVy#o
o1 <o1Vor <oo

o0 < 01Voy <o
X < X

o1 < 03

oy < 01

—ix1 < X0V oixg < X1V oxg < Xo
—xg < 02V Xy < o1

o1 <01

]

Vxo, x1,x2 € Z.((x0 < x1 A x1 < x2) = Xp < X2)

[negated, skolemized and clausified input]
[negated, skolemized and clausified input]
[ER 1; y > 01]

[ER 2; y +— 07]

[axiom]

[BR 3, 5; x > 01]

[BR 4, 5; x > 03]

[axiom]

[BR 7, 8; X1 — 02,X2 01]

[BR 9, 6; X0 — 0'1]

[BR 10, 5; x > 1]
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Background: Maximum of two numbers with answer literals [Green 1969]

Conjecture: Vxi,x0 € Z. dy € Z(y > xa ANy > xo Ay =x1 Vy = x2))
Axioms: Vx € Z.—x < x, Vxo,x1,x2 € Z.((x0 < x1 A x1 < x2) = X0 < X2)

1. y<o1Vy<oaVy=#o1Vans(y) [neg. input with answer literal]

2. y<o1Vy<oaVy#oaVans(y) [neg. input with answer literal]

3. 01<o01Vo;<oyVans(or) [ER1; y > 01]

4. 0y < 01Voy<oyVans(oy) [ER 2; y — 07]

5, —x<x

6. 01 <o2Vans(or) [BR 3, 5; x > 01]

7. 02 < o01Vans(op) [BR 4, 5; x > 0]

8. Xy <xV-xg<x1Vxg<xo

9. —xg <02V X <01\/ans(02) [BR 7, 8, x1 '—>02,X2'—>01]
10. 01 < 01 Vans(o1) V ans(o2) [BR 9, 6; xo — 01]
11. ans(o1) V ans(o2) [BR 10, 5; x — o1]
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Background: Maximum of two numbers with answer literals [Green 1969]

Conjecture: Vxi,x0 € Z. dy € Z(y > x1 ANy > xo Ay =x1 Vy = x))

Axioms: Vx € Z.—x < x,
1.

10.
11.

Witness: either x; or x» (corresponding to oy or o)

© N RAE W
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... how to tell which one?
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Our solution

1. y<o1Vy<oaVy#o1Vans(y) [preprocessed input]

2. y<o1Vy<ooVy#oo2Vans(y) [preprocessed input]
3. 01<01\/01<02\/ans(01) [ER 1]
4. 09 < o01Voy<oyVans(or) [ER 2]
5. o1 <o01Voi <oy [ans removal 3] if —5 then o3
6. op<o01Voy<oy [ans removal 4] if —6 then o3
7. x<x [axiom]
8. o1 <oy [BR 5, 7]
9. o0y < o1 [BR 6, 7]
10, —x1 <xoV—xg < x1Vxg<x [axiom]
1. —xg <02 VXxy<o1 [BR 9, 10]
12. 01 < o0 [BR 11, 8]
13. O [BR 12, 7]
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10.
11.
12.
13.
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[ans removal 3]
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if =5 then o1
if =6 then o>

Synthesized program: max(xi, xp) = if 01 > 01 A o1 > 0 then 01 else 05
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Synthesized program: max(xj, x2) = if x; > xp then x; else xp

if =5 then o1
if =6 then o>

7/12



Modifying saturation algorithm
Deriving a program for A; A - AN A, — Vx.dy.F(x,y):
1. Create the set of formulas S = {A;,..., A,.Vy.CNF(—F(7,y)Vans(y))}

2. Repeat:

2.1 Choose C € §
2.2 Apply rules to derive consequences C, ..., C, of C and clauses from S
23 Add G,...,C,t0 S
2.4 If S contains D[] V ans(r[a]) where D[7] is computable, then
remove D[g]V ans(r[a]) from S, add D[a] to S, and record (D[a], r[7])
2.5 If S contains [J, construct a program from recorded fragments as

if =Dy [Y] then rl[i]
else if —D,[x] then r[X]

else if —Dy_1[x] then rr_1[x]

else rg[X]
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Modifying inference rules
At most 1 answer literal in each clause. Only computable functions allowed in answer literals.
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Modifying inference rules

At most 1 answer literal in each clause. Only computable functions allowed in answer literals.

s# sV CVans(t)
(C Vv ans(t))d

Equality resolution: where 0 == mgu(s, s’), and t6 is computable.

Lv CVans(t;) —-L' VDV ans(t)
(CV DV ans(if L then tp else t;))f
L0 is computable (partially [Tammet 1995]).

Binary resolution: where 6 := mgu(L, '), and

I=rv CVans(t;) L[|V DYV ans(t)

— - here 0 .= 1.1, and
(L[r]v CV DV ans(if | = r then t, else t1))0 where ngu(/, /), an

Superposition:

16, rO are computable.

More complex rules when some functions are not computable.
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More examples (1)

» Maximum for up to 23 variables

» Group examples, given
Vx. i(x) * x = e, Vx.e* x = x, Vx,y,z.xx(yxz) = (x*y)xz
find:

» right inverse: Vx.dy. xxy = e
program: /(x)

> inverse of /(x)x*i(y) without using i: Vx,y.3z. z % (i(x) x i(y)) = e
program: y s x
» an element whose square is not e, if the group is not commutative:

Vx,y3z.(xxy #£yxx —>zxz#e)
program: if xx(y*x)=x then x else (if e=xx*(y#*(x*y)) then x else xx*y)
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More examples (2)

» Quadratic equation:  Vx, x.3y.(y? = X12 + 2x1X0 + X22)
program: xj + x»
» SyGuS competition examples:
> Vxi,xo, k. 3y.((x1 <x2 = (k<x31 —y=0)) A

r<x—=(k>x—y=2)A
a<x=((k>xNk<x)—=y=1))

> Vx,x 3y (it x>5—=y=x1+x)A(x1+x <5—=y=0))
> Vx,y3h, b6 (h+tHh=LbA(A+h)—y=BANL+h=0LNf+H="f)
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Summary and challenges

What we do:
» Synthesis from specification
» Extended the saturation algorithm (including AVATAR) and superposition calculus
» Implementation in Vampire

Challenges:
» Future work: recursive programs, postprocessing
> How to get good benchmarks?
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