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Contouiners Compose

Containers (ouko. potﬂv)omial, fmotors) repre,senl:
&trict\_g positive tm:es as shopes S: St
and  positions P:S > Set, written  S<P.



Containers compose

Containers (uko. pofﬂnamia,L funotors) repfesenb
strickly  positive tm:es as shapes S Seb
and  positions P:S > Set, written  S<P.

The wtagor& Cont of contaurers carries
0 Lompo&ition monoidad structwre

(SeP)¢(T<Q) =(‘2$ (G:Ps-»T)) d(zﬂ a(f p)).

1



Funceorial interEre/twtiOn of contourers
Contowners have a &Ila—fuithPM

Intel prwwtion o Set - endofunctors :

I_T: Cont — [Set, Set1
[[S“PB‘ X B ZS(PS = X)



Functorial interEre/twtion of contaurers
Contowners have a &Ila—fuithPM
mterprdfwtion into St - endofunctors :

I_T: Cont — [Set, Set1

Contauners whoge functor inter pretation
carties a

- monod Structtwe are called monodic .
- comonad Struttwe are colled olj.re,d:ed.‘z



» Definition 8 (). Let S <P be a container. A monadic container on S <P is a tuple b

(S < P,i,0,pr) where P
esented
t: S ’
o H(Ps—)S)—)S os ‘ax
2— universes

pr: H H P(osf)— ZP(fP)
p:Ps

{s:8} {f:Ps—5}

+8 equations [Uustodu, 2017 ] [ Alenkitch &
?mjo , 20171



Monaolae Containers

» Definition 8 (&). Let S <P be a container. A monadic container on S <P is a tuple b

D Presented
.. HP3—>S) S os lax
pr H H Plosf)= 3 P(fp) Z- unmi verses
*8 eppotions LClustadu, 20077 [ Alvenkirch &
P\'n\jo) 20171

Monadic contouners form a wbegory MCont



Monaodic Contauners (cont’d)

Monadic contouners form a cad:egory MCont .

Mlont 2 U
Monoid ( Cont, Td®, =°) ——> Cont

n‘y"‘"i l i-1

Monoid (LSe,Set1, Td, °) ——> [Set, SetJ
¥ Monad (Set)

CUustalu, 2017]
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Monaolic containers don't  compose

Counterexa,mp&r writer wmonadic cont airer on
(Boot , false, xor) ardl terminal

monaoke tontaunes .



Monaolic containers don't  compose

Counterexa,mp&r Writer monadic cont airer on
(Boot , falee, xor) ard terminal
monackc Lontaunes .

@ Monads do not compo se  either.
Beck ’ s approou.h: distributive |ams

S a uffiuent condtion .
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Jon Beck 96

1. Distributive laws, composite and lifted triples

A distributive law of S over T is a natural transformation ¢: 7'S — ST such that

T S
NN

TS — ST T8 ——~ST
78S 2~ 575 5L~ 5ST
Tps uST
TS - ST
7S L TST L STT
s SuT
TS ST

commute.

[Beck, 1964]

However, when 7 is not free it can be rather difficult to prove the defining axioms of a dis-
tributive law. In this paper we describe how to obtain a distributive law for a monad with

[Bonsangue et. ok, 20(5]
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Our contribution

- Charatberisotion of

- monaoic |,

- monadic - directed, £ ;

| ‘mixed’
- directed — monaoclic
contourer distributive laws .

© Positive, negokive, & wniqueness results
- Formodisotion in  Cubical Agola.

q



Dur contribution in more detoul

» Definition 16 (&). Let (S< P55 pr¥) and (T <Q,:T, 07, prT) be monadic containers.
A monadic container distributive law of S < P over T < Q is given by the data

up: [[(Ps—T) =T

w:[[ ] Qs —sS

s:S f:Ps—T

H H H P(ussfq)— Ps

T} q:Q (u1 s f)

H H II [ @U®@an)

{f:Ps=T} ¢:Q (uys f)p:P (uz s fq)

¢
+ (8 qum q\g » Definition 27 (&). Let (T'<Q,¢,0,pr) be a monadic container and (S < P,0,®,]) be a

directed container. We define a monadic-directed container distributive law of T' < @ over
S <P as the data

up: [[(Ps—T) =T

up [ JI Qusf)—s

s:S f:Ps—T

V1t H H H P(uzsfq)— Ps

{s:S}{f:Ps—=T} q:Q (u1sf)

Vo : H H H H Q (f (v1gp))

{s:SH{f:Ps=T} @:Q (ur s f) p:P (uz s fq)

+(3 quatiw
L directed - monadic case . 10




Formadisotion in Cubical Agqda

ReaderDistr : V {¢s ¢p} (A : Set {p) (S : Set ¢s) (P : S - Set (p) MaybeDistr : V {¢s fp} (S : Set ¢s) (P : S - Set ¢p) (MC : MndContainer !s {p (S > P)) -
. . MndDistributiveLaw ¢s {p 2 JustOrNothing S P MaybeM MC
~ (MC : MndContainer (s (p (S > P)) u1 (MaybeDistr S P MC) true f = f tt

- MndDistributiveLaw ¢s ¢{p S P (T {¢{s}) (const A) MC (ReaderM A) u: (MaybeDistr S P MC) false f = MC .1
u: (ReaderDistr A S P MC) s _ = tt u: (MaybeDistr S P MC) true f _ = true
u2 (ReaderDistr ASPMC) s a=-s u:z (MaybeD}str S P MC) false £ _ = false
V1 (ReaderDistr ASPM a E =p Vi (MaybeDJ‘Lstr S P MC) {true} _ x = tt

. _ v: (MaybeDistr S P MC) {true} {f} p x = p

v: (ReaderDistr A S P MC) a p = a unit-1B-shape: (MaybeDistr S P MC) true = refl
unit-1B-shape: (ReaderDistr A S P MC) s = refl unit-1B-shape: (MaybeDistr S P MC) false = refl
unit-1B-shape: (ReaderDistr A S P MC) s = refl unit-iB-shapez (MaybeDistr:S P MC)true: =S
unit—lB—p051 (ReaderDistr ASPMC) s = refl unit-1B-shape: (MaybeDistr S P MC) false = refl

| K i y unit-1B-pos: (MaybeDistr S P MC) true i q tt = tt
unit-1B-pos: (ReaderDistr A S P MC) s i ap = a unit-1B-pos: (MaybeDistr S P MC) true i q tt = q
unit-1A-shape: (ReaderDistr A S P MC) tt = refl unit-1A-shape: (MaybeDistr § P MC) _ = refl
unit-1A-shape: (ReaderDistr A S P MC) tt = refl unit-1A-shape: (MaybeDistr S P MC) _ ~(ZGED
unit-1A-pos: (ReaderDistr A S P MC) tt = refl unit 1A posy (MaybeDistr'S B.MC) S 4 qite = Ef

. K unit-1A-pos: (MaybeDistr S P MC) s i q tt = g
unit-1A-pos: (ReaderDistr A S P MC) tt = refl mul-A-shape: (MaybeDistr S P MC) true f g = refl
mul-A-shape: (ReaderDistr A S P MC) s f g = refl mui—A—sEapex (MayEeD;str S P MC) falseff g = rtfafl
mul-A-shape: (ReaderDistr A S P MC) s £ g = refl mul-Asshapes (MayoeDistr S P.MC)“true £ g =\gg
mul-A pos}f iRéaderDistr AS P MC) ; fg g refl mul-A-shape: (MaybeDistr S P MC) false f g = refl

e > - mul-A-pos: (MaybeDistr S P MC) true f g = refl
mul-A-pos:z: (ReaderDistr A S P MC) s f g = refl mul-A-pos: (MaybeDistr {t¢s} {fp} S P MC) false f g i q ()
mul-A-pos:z2 (ReaderDistr A S P MC) s f g = refl mul-A-pos:i (MaybeDistr S P MC) true f g = refl )
mul-B-shape: (ReaderDistr A S P MC) s f g = refl mul-A-poszi (MaybeDistr {ts} ((p) s P MC) 218 £ g:iq ()

mul-A-pos:z:2 (MaybeDistr S P MC) true f g = refl

mul-B-shape: (ReaderDistr A S P MC) s f g = refl mul-A-pos:: (MaybeDistr § P MC) false £ g i q ()

mul-B-pos: (ReaderDistr A S P MC) s f g = refl mul-B-shape: (MaybeDistr S P MC) true f g = refl
mul-B-pos:: (ReaderDistr A S P MC) s f g = refl mul-B-shape: (MaybeDistr S P MC) false f g i = unit-r (isMndContainer MC) (MC .1) (~ i)
mul-B-pos:z: (ReaderDistr A S P MC) s f g = refl mul-B-shape: (MaybeDistr § P MC) true f g = refl

mul-B-pos: (MaybeDistr S MC) true £ g i g tt = tt

mul-B-pos: (MaybeDistr S MC) false £ g i gq ()

mul-B-posz1 (MaybeDistr S P MC) true £ g i g tt = (MC .pr:1) (f tt) (g tt) gq
mul-B-posz1 (MaybeDistr S P MC) false £ g i q ()

mul-B-pos:z: (MaybeDistr S P MC) true £ g i g tt = (MC .prz2) (f tt) (g tt) gq
mul-B-pos:z: (MaybeDistr S P MC) false £ g i q ()

S
S
S
mul-B-shape: (MaybeDistr S P MC) false f g i A - false
P
P
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Exoumele, 1

The reader” monad is o monadic Contouver:
Reader, X = A= X
=] %(A-»X)“ T4< omstATX.

12



Exmgle 1

The reader” monad is o monadic Contouver:
Reader, X = A= X
%(A—»x)“ T4<4 comstATX .

112

There s o uMp& monadic Cont ou per
dustributive law of the reader monadic

contadner 14 A  owver any S P
12



Exouv\glc )

The ngb(’z monod IS o monooic Contouver:

Moube X= 1+X o
T oot <2{2%235 7 X

13



Examgle, )

The ngb(’z monold is o monaolic Contouiver:

Moujbc X 1+X o
2 [ Bool 4}\{1‘0:4%—»0.]])(

Thare s a uniqyb monadic Cont ou per
oustributive law of any SaP over tin

maﬁbe, monadlic  contunes .
13



’que,oualag trom _exaum ples

It you want to compose a monad
M with the veader or waybe monad,



’rakea)dag trom _exaum ples

I+ you want to compose a monad

M with the veader or maybe monad

ypu should tirst check if the endofuntter
ot M cn lbe expressed as a cntairer,
in Which case we showed there will ke
a unigue distribwtive low !



p—

in Sum marg

* The cateﬂorj of contairers f§ a monoiclal
strudeure” gdven by cemposition of objects.

* We wharawcerise conditions under whidh
monotduc contauners compose .

* We formalise owr reswlts in Cubical Agdla,
Proxl\oliry an Interfoe o dictributive lawc.

2\
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In Summarg arxiv‘org/abs. 2503.1714]

* The cwl:eﬂorj of contairers fm§ a monoid
strudeure” gdven by cemposition of objects.

* We wharawcerise conditions under whidh
monotduc contauners compose .

* We formolise owr reswlts in Cubical /yola,
Proxl\‘olinj an Interfoice o dictributive lawc.

THANK YOu'
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