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Specifying variable use with linear types

Linear logic: Don’t drop or duplicate variables. AQ@B % A A% AQA

Useful for programming: all programs of type List A — List A are permutations.

Natural extension: quantitative types.

(Quantitative TT, Graded TT, Linear Haskell, ..) °PY @ (X @A) =% Ax A

called multiplicity of x

safeHead [] y = (y , []
safeHead (x :: xs) = (x , Xs

What’s the type of safeHead : (xs : List A) = (y : A) =“A x List A
)
)

multiplicity depends on whether xs is empty

Proposal: impose linear rules inside dependent type theory. 1T H AIFA
This allows us to have dynamic/dependent multiplicities. —

defined as certain dependent type
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(Linear) judgment day

Cubical Agda supports finite multisets, ¢2t@ FMset (A Type) : Type where

. . . . % : FMSet A
which behave just like lists except that - . A - FMSet A - FMSet A
the order of elements does not matter. comm :V Xy XS - X i1y i XS =
trunc : isSet (FMSet A)
We can append finite multisets: _®_ : FMSet A - FMSet A - FMSet A
_ Supply : Type
We call a bag of terms a supply: Supply = FMSet (5[ A € Type 1 A)
We can define a unit supply: N : A - Supply
na-= (A, a)
. : : _ _I+_ + Supply - Type - Type
And introduce a linear judgment: ArA=3[acAl (A“=n a)

we already have many useful equalities, e.g.,swap : Ae ® Ax
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Adding and removing pair constructor doesn’t change the free variables of a supply.
— Introduce notion of sameness for supplies, which we call productions.
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Adding and removing pair constructor doesn’t change the free variables of a supply.
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A natural resource algebra

We get multiplicities for free using the standard natural numbers type:

2~ v Supply - N - Supply

A~ zero = ¢
A ™ (sucn)=Ae® (A" n)

It’s straightforward to work with these multiplicities:

copy : (x : A) > nx”™2 I+ A xA
copy x = (x , x) , wk,

compose : ((x : A) = nxXx”~*nikB) - ((y:B)-ny”>mi C)
- (x A -nx”(n-m rC " ]
compose f g x = g (f x .fst) .fst , some work is necessary here...

copytwice : (x : A) - nx ™~ 4 r (A x A) x (A x A)

. B ...but this directly computes!
copytwice = compose copy copy
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Programming linearly with lists

We introduce productions for the lists constructors:
data _X_ ¢ Supply - Supply - Type where

cnll +n [1 X o : wkil
cni: :n (x ::xs) X (n x ®n xs) @ wke: (for x : A, xs : List A)

That’s all we need to incorporate lists in our system!

safeHead : (xs : List A) - (y : A)
> ny "™ (if null xs then 1 else 0) ® n xs + A x List A

safeHead [] y = (y , [1), wk,
safeHead (x :: xs) y = (x , xs) , wk, o cn::

foldr : ((x : A) - (b : B) - nbenx®e®A1 -B) - Ao B
» (xs : List A) - Ae ® A1 ~ (length xs) ® n xs I+ B

foldr f (z , 8) [1 z , 6 " cnll

foldr f z (x :: xs) f x @ foldr f z xs ..

((x :t A) > nx®® Ao -B) - Ar - A-> Do ® A1 I+ B



Recap

* Supplies as finite multisets of pointed types are a useful notion of resource,
dependent pairs allow us to define a linear judgment inside type theory.

A+-A=ZX[a€A] (AXna)

* Productions capture which supplies have the same multiset of free variables.
Incorporate datatypes by stipulating productions for each constructor.

— guantitative elimination principles are derived using dependent elimination!

 Dependent types are naturally part of the system.

* This is already practical for programming, for example it’'s easy to construct
sorting algorithms. Simple tactic could automatically find most productions.
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Leaving cubical behind

We can carry out our construction in any dependent type theory with I1 and 2.:

Tm —1 . Sp . Cx°P - SMCat

d « Sp(I) live in type theory (Sp(I") € Ty(I') etc.)
1y e n(a) @ n(b) ~n(a,b)foranya : Aand b : B(a)

Using this, we can define a linear judgment, giving rise to a two-step derivation:
I'HFAIFA

Can we internalise this structure? In other words, how to add function types?
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Add two more things:
» exponentials [Aj, A] Sp 1 CxP - SMCCat

» A\ . ,A binding xin A functor A, : Sp(I'. A) — Sp(I') that’s right adjoint
to context extension Sp(p,) : Sp(1) = Sp(1". A)

This allows us to define a type of dependent linear functions from A to B:

(x:A) = Bx):=(x:A) = Bx) , f = Apuln(x), n(f x)]

V*\ (generalise 1 to dependent supplies
for higher-order functions)

We can derive intuitive introduction and elimination rules for (x : A) — B(x).
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Summary

* Adding symmetric monoidal structure to dependent type theory is useful.

* This also happens with non-idempotent intersection types (De Carvalho, Ronchi
della Rocca, Gardner), but more powerful base theory makes our life easier.

* Quantitative features come for free, multiplicities are (open) terms of type N.

* We can type many more programs than systems with static resource algebra
(QTT, Graded TT, Linear Haskell). Observation due to Pierre-Marie Pedrot
(Dialectica the Ultimate, talk at TLLA 2024).

 WIP: expand idea to incorporate dependent linear function types.
Gives rise to a *dependent linear type theory”™ with *dependent multiplicities™.

https://github.com/maxdore/dltt/
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Dependent linear functions

(x:A) = Bx):=(x:A) = Bx) , f = Apuln(x), n(f x)]

I'x: AFAQ@nx)" I+ b : B(x)

I'HFAIFAx.b: (x:A) —™ B(x) ol g d)

I'EAyIFf:(x:A) <" B(x) I'FA/IFa:A
I'FAy® A" I+ fa: B(a)

—o f



Dependent linear type theory

We can define a type theory with linear dependent types using the following:

Tm . Sp : Cx°? - SMCCat Sp(Py)
T
t Sp) 1 Sp(I'.A)
Tvy ~_
Ny

+ for 2 types: iso between 1n(a) ® n(b) and n(a, b) foranya : A and b : B(a)
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Linear types without finite multisets

data Supply : Type where
&+ Supply
n : {A : Type} (a : A) - Supply
® : Supply - Supply - Supply

data _X_ : Supply - Supply - Type where

id : VA-ANXA

o 1V {Ae Ar A2} - A1 X A2 - Ao X A1 - Ae X A>

@f 1 ¥ {Ae A1 A2 A3z} - Ao X A1 -» A2 X Az - Ao ® A2 X A1 ® As
unitr : VA - A ® o X A

unitr' : VA - A X A ® ¢

swap : V Ae A1 - Ao ® A1 X A1 ® Ao

assoc : V Ae A1 A2 -» (Ae © A1) ® A2 X Ao ® (A1 ® A2)
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Currying example

r:Ay:Blx)FAl- f: Héair(x,y):zA(B)(C(y)) r: A y: B(x)F n(pair(z,y)) IF pair(z,y) : X4 (B)
z: Ay Blz) - A@n(pair(z,y)) IF f(pair(z, y)) : C(y)

z: Ay Bx)FA®n(z) ®@n(y) Ik fpair(z,y)) : C(y) w;n
r: AFA®n(x) Ik Ay. f(pair(z,y)) : H}g(x)(C) .
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