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The “semantics” arrow does not use all the features of \ /

Two options:

1. Restrict the comprehension categories: usually done

2. Make the type theory more expressive: CCTT

1/19



Preprint is available on arXiv: https://arxiv.org/abs/2503.10868
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2. Prove soundness by giving an interpretation of the type theory
in any comprehension category

3. Extend Coraglia and Emmenegger’s work [CE24] by giving rules
that capture coercive subtyping

4. Develop rules for I1-, ¥- and Id-types and give soundness results
wrt each suitable semantic structure

5. Extend the rules with subtyping for type formers

6. Define suitable semantic structure for subtyping for each type
former and show soundness wrt to these
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1. Review: MLTT and Comprehension Categories



An intuitionistic theory of types

Per Martin-Lof
Department of Mathematics, University of Stockholm

From “Syntax and Semantics of Dependent Types'?!:

FT ctat I' is a valid context

I'F o type o is a type in context I’

I'EM:o M is a term of type o in context I'

T =Actet T and A are definitionally equal contexts

I'Fo =7 type o and 7 are definitionally equal types in context I'

T'FM=N:0 M and N are def. equal terms of type o in context I'.

!Martin Hofmann. Syntax and Semantics of Dependent Types. Publications of
the Newton Institute. Cambridge University Press, 1997.
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Comprehension Categories

Comprehension Category [Jac93, Definition 4.1]

A comprehension category consists of a category C, a (cloven) fi-
bration p : 7 — C, and a functor x : 7 — C™ preserving cartesian
arrows, such that the following diagram commutes.

T—>——¢C”

NS

A comprehension category is full if x is full and faithful.
A comprehension category is split if p is a split fibration.

Full split comprehension categories are models for MLTT.

5/19



Comprehension Categories

T—X

PN

C: category of contexts and context morphisms
Fibre Tr: category of types in context I
Substitution is captured by the reindexing functors

Extended context I'.A is given by domo x : A—T.A

o B

I t: Ais interpreted as sections of x(A) :TLA—T inC
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Vertical Morphisms

What about morphisms in a fibre 77
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2. Our Work: Core Syntax CCTT



CCTT: Goal

Goal: Design rules that reflect all structure of (not-necessarily full)
comprehension categories.
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CCTT: Judgements

. [ octx
.TEs:A
.Tks=s¢:A
. [ Atype
.TAFt: B
.TAFt=t:B

S B wWw N
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CCTT: Judgements

. [ octx
.TEs:A
.Tks=s¢:A
. [ Atype
.TAFt: B
.TAFt=t:B

S B wWw N

} FrFt:A&THt=t:Ain MLTT
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CCTT: Judgements

. T oetx
.ITEs: A

. Tks=¢:A
. F A type
TIAFt:B
.TAFt=t:B

S AW N

Judgement 5: a morphism [t] : [A] — [B] in the fibre Try.
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CCTT: Structural Rules

See the paper for the structural rules.

In the next section, we discuss some rules through the lens of sub-
typing.

Theorem
Every comprehension category models the rules of CCTT.
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3. CCTT Captures Subtyping



We Put Our Subtyping Glasses on




Subtyping in CCTT

Coraglia and Emmenegger [CE24] observe that the vertical mor-
phisms can be thought of as witnesses for coercive subtyping.

NAkFt:B A NMN-A<; B
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Subtyping: Subsumption

Proposition (Subsumption)
From the rules of CCTT, we can derive the following rule.

F-ABtype THFA<,B TFa:A
[FT.toa:B

ra—=" .rB

N

.t is like a coercion function for A <; B.
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Subtyping: Weakening and Substitution

We have the following rule in CCTT, which corresponds to substi-
tution for subtyping.

A+ABtype AFA<;B Tks:A
rl—A[S] St[s] B[S]

Proposition (Weakening for Subtyping)

From the rules of CCTT, we can derive the following rule.

F-AA Btype THA<, A
B+ Alrg] < Al7e/]
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4. Extending CCTT with Subtyping for Type Formers



Subtyping for Type formers

1. Extend CCTT with a type former (e.g. X-types) and show
soundness: naturally, no rules involving judgements of the form
I A <; B get added.

2. Extend CCTT with subtyping for the type former and show
soundness: we see how through an example!

14/19



Example: 2-types

Extend CCTT with X-types, e.g.:

- Atype T.AF B type

sigma-form
['F X 4B type

F'EAtype T.AF B type

- sigma-intro
MA.Bt pairg,p: [.XaB

F'-Atype T.AlF B type
IXaBt projs,g: A.B

sigma-elim

'-Atype T.AF B type

- - sigma-beta-eta
rABF projs g © pairy . p = lrag:T.AB

> BF pairs , g © proj):AB =lrs,e:XaB

AFAtype AAFBtype Tks:A
[ | ZagBls-Al F iz e, (ZaB)[s]

subst-sigma
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Example: Subtyping for X -types

1. We want to have the following rule:
Fr=AA type T.AFBtype [.AF B type
FA<;A T.AF B<, B[l.f]
[ Y4B <s(rg) Za B

> acts covariantly on both arguments.
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Example: Subtyping for X -types

1. We want to have the following rule:
Fr=AA type T.AFBtype [.AF B type
FA<;A T.AF B<, B[l.f]
[ Y4B <s(rg) Za B

> acts covariantly on both arguments.
2. The coercion function for 4B <y(f o) T a B’ should act as
follows:

Proix , 5

/ pair. , B/
r.s4B rA.B 2%, [ABxof] X5 ra.B —25 rsyB

3. Rules for functoriality for X(—, —)
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Comprehension Categories with Subtyping for X-types

Definition

A comprehension category (C, 7, p, x) has subtyping for X-types if
it has dependent sums and is equipped with a function giving for
each f : A— A'in Tr and g : B — B'[xof] in Tr.a, @ morphism

ng : ZAB — ZA/B,

in 7r such that:
1. xo(Xrg) is the following composite

Projs , 8 f.B' a'rz /B!
A X rAB AT B

Y4B rA.B X%, I A .B'[xof] X

2. X (_y(—) preserves identities and composition

Theorem
Any comprehension category with subtyping for YX-types models
CCTT extended with subtyping for >-types.
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1. We presented CCTT
2. CCTT captures coercive subtyping

3. We extended CCTT with I (resp. X, Id) and subtyping for I
(resp. X, Id)

4. At each step we showed soundness wrt to the suitable semantic
structure

18/19



QR Again

Thank you for your attention!

DR
1
[=]
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) tural Rules: C

Structural rules regarding the category of contexts

Fetx 4 [BAGcx Tks:A Ars:o o
CtX-mor-1 — .
FHir:r Fso0s.© P

NMActx TkFs:A
[Fsolr=s: A
[Flpos=s: A

ctx-id-unit

NAS,dctx TkEs:A ArFs:© OFs: 0
FEs’o(s’os)=(s"os')os: ®

ctx-comp-assoc
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Structural Rules: T

Structural rules regarding the category of types

[ctx T F Atype

ty-mor-id
FrMAF14:A

Fetx THAB,Ctype T|A-t:B T |Brt:C
ty-mor-comp
M Artot: C

FFABtype [|AFt:B
NN AkFtola=t:B
N AkFlgot=t:B

ty-id-unit

rMAFt:B T|BrHt:C T|CHLt":D
ty-comp-assoc
M AEt"o(t'ot)=(t"ot')ot: D
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) tural Rules: Context Extension

Structural rules regarding context extension

[ctx T F Atype

ext-t
[.A ctx g

Metx THABtype T |AFt:B
[AET.t:T.B

ext-tm

[ctx T FAtype
FAFT1a=1ra:T.A

ext-id

Fetx THAB,Ctype T|AFt:B T |BkFt:C
FAET.(t'ot)=T.t'olt:T.B

ext-comp

[ctx T F Atype
FAE T T

ext-proj

Mctx THA/Btype T|AFt:B
FTAbngolt=ma: T

ext-coh
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Structural Rules: Substitution (Part 1)

Structural rules regarding substitution

l'Es: A AF Atype AFABtype TkFs:A A|A-t:B
sub-ty sub-tm

I+ Als] type I | A[s] F t[s] : B[s]

MNMActx TkFs:A Ak Atype
r | A[S] = lA[S] = lA[S] c A[S]

sub-pres-id

lN-s:A AFAB,Ctype A|AFt:B A|BkFt:C
I | Als]F (t'ot)[s] = t'[s] o t[s] : C[s]

sub-pres-comp

[ctx T A type Flr-u:A AFUJ:© OF Atype
~ 4 ub-id ™~ .com SUb-COmp
FAL ] Fig:A r| Al ou] - /A,U,F?u s Alu'][u]

Fetx THA/Btype T |AFt:B
M AL F t[ir] =i o toid: Blif]

sub-tm-id

NA,©ctx OFABtype THu:A AFJ:© O|ARt:B

sub-tm-comp

=
M A oul b tlu ou] =00 = o t[u'][u] 0 iy Blu' o u]
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Structural Rules: Substitution (Part 2)

Structural rules regarding substitution

MActx AbFAtype Thks:A TEt:TAfs MEmpgot=1r:T
Me=(s,t): AA

sub-ext

NMActx AFAtype TkFs:AA
I'F pa(s) : T.A[ma o8]
I'F Ta{r o8] © pa(s)=1r: T

sub-proj

NActx AFAtype [IkEs:AA
NE(maos, p(s) =s:AA

sub-eta

MAcx AFAtype TkEs:A TEt:TA[s MEmpgot=1r:T

FEmao(s,t)=s: A
FE pas, t) =t:T.Als]

sub-beta

MActx AFABtype A|AFt:B Tks:A
IAls] - T.t[s] = pa(A.to(soma, r.ij‘f:;A[SI [mags] © P2(1r.45))) : T-Bls]

tm-sub-coh
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tural Rule (Part 1)

Structural rules regarding = being a congruence relation

NMActx TkFs:A

T Ep—y ctx-eq-refl

NMActx Thks,s5:A ThEss=s:A

ctx-eg-sym
lN-s,=s: A i/

NMActx Thks,so,53:A Thss=s:A Thks=s3:A
lEsi=s3: A

ctx-eg-trans

MA,O©ctx Thks,ss:A AFt:© ThEs=s:A

ctx-comp-cong-1
[Ftosg;=tos: 0

NMA,®©ctx THt:A Abs,55:0 Abss=s5:0
[Fsiot=s0t:0

ctx-comp-cong-2
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tural Rule (Part 2)

Structural rules regarding = being a congruence relation

Fctx THA/Btype T|AFt:B

ty-eq-refl
FAFt=t:B yeq

r-ABtype T |AFt,t:B T |Arti=t:B
|—|A|—t25t1:B

ty-eg-sym

r‘A}—tl,tg,t:,v:B r‘Al—tlEtziB I'|A)—t25t3:B
F\Akt1£t3:B

ty-eq-trans

MNAFuw,up:B T|BFv:C T |Atu=uw:B

ty-comp-cong-1
N AFvou =vouw:C Y P &

FrNAFv:B T |Btu,uw:C T|Bru=uw:C

ty-comp-cong-2
NAkFuwov=wov:C Y P &
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ructural Rules: = (Part 3)

Structural rules regarding = being a congruence relation

Fetx THABtype T |Abt,t:B T |AFt1=t:B
FArEryg=r.t:r.B

ext-cong

l=s: A A‘A}—ththB A|A}—t15t2ZB
| Als]F t1[s] = t2[s] : B[s]

sub-cong-tm

l-si,9%:A Thsi=s:A Trht,tb:As] Tht=t:Als

sub-ext-cong
[ (517 1.‘1) = (527 1.‘2) AA

MNMActx AFAtype Thks;,ss:AA Thss=s5:AA
e p1(51) = pl(SQ) A
I'E pa(s1) = pa(s2) = Als]

sub-proj-cong
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tural Rule (Part 4)

Structural rules regarding there being no judgement for equality of
types

AFAtype Thu=ud:A

= sub-cong
r| A+ ot CAlY]
ol
r| A+ ,letiu, = Ii‘u,gw : Alu]
AFAtype ThFu:A .
sub-cong-id

F | Al F s =1, Alu]

A,u,u

OFAtype THtt':A Aru:© Tht=t:A

r| Alu][t] + i;’:’":, o ij“f‘t”t, = i;;fgotm, o ij“jjﬁ cAluot’]

sub-cong-comp-1

OFAtype THt:A Abrud:© Thru=uv:A

r| Alu][t] + ij“jj,?t o i;‘fzqu, [t] = ij‘fzot,u,ot o iy Alu o t]

sub-cong-comp-2
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