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What is this talk?

e Background for my forthcoming PhD thesis [Neu25, Chapter 1]
o Interpretation of [KKAL9]

» Restrict their signature language for QIITs to get a signature language
for GATs

» Matches the notion of GAT given by [Car86], except we don't allow for
equations between sort. This provides an intrinsic presentation of GATs.

e Slides

» jacobneu.com/WG6
» jacobneu.com/WG6-extended
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https://jacobneu.com/WG6
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Categorles of GAT
Algebras




Categories

def Cat : GAT := |
Obj : U,
Hom :0bj = 0Obj = U,
id :(I:0bj)= Hom I I,
comp :{I JK:0bj} =
Hom J K — Hom I J — Hom I K,
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Categories

lunit : {I J:O0bj}
comp (id J) 3
runit : {I J:0bj}
comp j (id I)
assoc: {IJKL:0bj} = (j:Hom I J) =
(k : Hom JK) = (¢ : Hom K L) =
comp ¢ (comp k j) = comp (comp £ k) j

j:Hom I J) =

(
]
(j :Hom I J) =
]

ey on oy
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Categories with Families

def CtoF : GAT := |
include €at as (Con,Sub,comp,id, , , );

empty : Con,

€ . (I : Con) = Sub I empty,

€ M - (I : Con) = (f : Sub I empty) =
f=(el),
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Categories with Families

Ty . Con = U,

substTy : {A T : Con} =
Sub Al = Ty [ = Ty A,

idTy  :{[ :Con} = (A: Ty I) =
substTy (id ') A = A,

compTy :{© AT :Con} = (A:TyT)
(0 :Sub© A) = (y:Sub ATl) =
substTy v (substTy 0 A)
= substTy (comp v ) A,
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Categories with Families

Tm :([:Con)= Tyl = U,
substTm : {AT :Con} = {A: Ty '} =
(v:Sub A T) =
Tm [ A = Tm A (substTy v A),
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Categories with Families

idTm :{l : Con} = {A: Ty} = (t:Tm [ A)

substTm (id )t  #(idTy A)

t,
compTm : {© AT : Con}

{A:Tyl} = (t:Tm I A)

(6 : Sub ©® A) = (v :Sub AT)

substTm v (substTm ¢ t)
#(compTy A 7 9)
substTm (comp v J) t,

Jacob Neumann GATs, Cats, and CwFs
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Categories with Families

ext :(I:Con)= Tyl = Con,
pair :{ATl :Con} = {A:Tyl} =
(v:Sub AT) =
Tm A (substTy v A) =
Sub A (ext I A),
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Categories with Families

pair nat: {© AT : Con} = {A: Ty}

(v : Sub A T)
(t : Tm A (substTy v A))
(0 : Sub © A)

comp (pair v t) ¢
pair (comp 7 J)
(substTm 0 t #(compTy A 7 d)),
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Categories with Families

P - {[: Con} = (A: Ty I')
Sub (ext [ A) T
v . {l: Con} = (A: Ty I)

Tm (ext [ A) (substTy (p A) A),
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Categories with Families

ext (AT :Con)= (A:Tyl) =
(v:Sub AT) =
(t : Tm A (substTy v A)) =
comp (p A) (pair v t) = 7,
ext  :(ATl:Con)= (A:Tyl) =
(vy:Sub AT) =
(t : Tm A (substTy v A)) =
substTm (pair v t) (v A)

#(compTy A (p A) (pair v t))

#(ext_B 7 t)
=
ext n :(:Con)= (A:TyTl) =
pair (p A) (v A)
= id (ext I A)
" Jacob Neumann GATS, Cats, and CwFs
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def Crog++ : GAT := |
include €tog;
V:{l:Con} = Ty,

El:{l:Con} = Tm [ V= Ty T,

Eq:{l : Con} = {A: Ty I} =
(tt' :TmlA) = Ty T,

Pi:{l : Con} = (X:Tm [ V) =
Ty (ext I (E1 X)) = Ty I,

J;IC(;b -N nnnnnn GATs, Cats, and CwFs
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Why this specific
GAT?




(13
The GAT Signature
Language




The oneGAT language
We assume that the GAT Cro§+V-+Eq+Ilsy has an initial

algebra—the language we'll call —given as a QIIT in the
metatheory.
GAT := Con: Set
Sub: Con — Con — Set
Ty: Con — Set

Tm: (&: Con) = Ty &

Use the DSL parsing utilities in LEAN4 to translate the intuitive
syntax for GATs into ONEGAT.
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Nat algebras

def 9T : GAT := { O
Nat : U, >V
zero : Nat, > El O

succ : Nat = Nat > 11 (El 2)

|
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Categories

def Cat : GAT := {

Obj : U,
Hom :0bj = 0bj = U,
id :(I:0bj)—= Hom I I,
comp : {I JK:0bj} =
Hom J K — Hom I J — Hom I K,
lunit : {I J:0bj} = (j :Hom I J) =
comp (id J) j = j,
runit : {I J:0bj} = (j:Hom I J) =
comp j (id I) = j,
assoc: {IJKL:0bj} =
(j :Hom I J) = (k:Hom JK) =
(/:Hom K L) =
comp ¢ (comp k j)
= comp (comp £ k) ]

Jacob Neumann

GATs, Cats, and CwFs

>V

>0 (M1V)

|>I'I1(EI(1©O©O))
>MN2(3(M4(MN((40100)(N(KBO

302) (El (6040 2))))
>M3(M4(M(A@100)(Eq(3020
101 (4@1)@0)0)))
>M4(N5(N(50100)(Eq (4020
2@1@0@(5@2)) 0)))
>MN5(M6(M7(MN8(M(8e3e2) (M
(9@3@2) (N (10 @30 2) (Eq (9 ©
60503000 (9C60504010
2)) (9@60@40@30@(9@5040@30

00@1)@2))))))))
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CwkFs

Cat

> El 6

>M7(El(7@00@1))

>M8(M(B8@0MB2) (Eq0(201)))

>[19U
>MM10(M11(N(110100)(M(3@1)(ElI(403)))))
>M11(N(20@0)(Eq(2@10@10(11@1)@0)0))

>M12(MN13(N14 (N (5@0) (N(15@3@2) (N (16@3@2) (Eq(7@4@3@0Q (7
)

@5040102)(7T@503@(1505040@30001)Q2))))))
> 113 (N (4 @0) U)
>M14(N15(MN(6@0)(N(16020@1)(N(40@201)(EI(5040@(8@403010

(
M)
> [1 15

u
0)) 0)))
>M16 (N17 (N18 (M (9@0) (N(6@1@0) (M (2004 @3) (N (21 @46 3) (Eg

(transp (1006 @5040@30001) (8@5040@3@0Q(8Q@6050 (12050 4

M NMAMAHMABG? A1 AMNNN TOMALANMA-DMAIMMNMACLMAELCAMAAIAIMANCMAITY A NN
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CwkFs

> 117 (M (8 @ 0) (El 19))

>T118 (M 19 (N (10@0) (M (20@2@1) (M (8@3@(11@3@2@0@1)) (El (22 @ 4
@(5@3@2)))))))

>T119 (M 20 (N 21 (N (12 @ 0) (N (22@2@ 1) (N (10€3@(13€3@2@0 e 1)) (I
(240504)(Eq(2306050(80403)0(7r0504030201)00)(7060
4030(230605040200) @ (transp (13@60@5040@30200) (110605
©(1505040203)0@001))))))))))

>M20(MN(110@0)(EI(21@(4@10@0) ©@1)))

>T121 (M (12@0) (EI (9@ (5@1@0)@(12@(5@1@0)@1@(2@1@0) e 0))))

>T122 (M23 (M (14@0) (NM(24@2@1)(N(12@3@ (150302000 1)) (Eq (24 @
40(90302)030(60302)0@(8@40@3020100))1)))))

>T123 (M 24 (N (150 0) (M (25@2@1) (N(13@3@(16@3@200 e 1)) (Eq
(transp (5 @4 ©@30@2@10@0) (transp (15@40©(100302)@3020(70@302)
©(90403020100))(13040(100302)0(1704030102)0(9040
3020100)0(60@302))))0)))))

> 124 (MN(1500)(Eq(7@(80@100)@1000(50100)0©@(40@100)) (240 (8

M 1 A N\
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To the logical
extreme:




Quotient Inductive-Inductive definitions over all GATs

The benefit of quotient inductive-inductive types is that we can
reason about them by quotient induction induction.

Given an appropriate motive Meg,, Mg, M, My and appropriate
method m, we get:

(elim m)e—: (&: GAT) — M(&)
(elim m)ez: (& $: Con) — (s: Sub & H) —
Mg&lim m)@g (elim m)e- 9, 5)
(elim m)g,: (&: Con) = (X: Ty &) — Mg ((elim m)e; &, X)
(elim m)=: (&: Con) — (X: Ty &) — (X: Tm(&, X))
— Meo((elim m)eo, &, (elim m)w, X, X)

Jacob Neumann GATs, Cats, and CwFs 18 April 2025
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-Alg: (&: GAT) — Set
Hom: (&: GAT) — &-Alg — &-Alg — Set
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From [KKA19, Appendix A]

Syntax Algebras
I': Con r
A:TyT AN
o:SubT A ot
t:TmlA h

-: Con -
I'>A:Con (I'e A)*
(A:TyA)[o:SubT A] : TyT (Ale)™y
id:SubT'T id* y
(o:Sub®@A) o (§:Subl'®) : SubT A (dod)™y
€:Subl - EAY

(o :SubT A),(t:TmT (A[c])) : SubT (A A) (J,!)Ay

71 (o1 SubT (A A)) : SubT A (m o)y
72 (o : SubT (A A)) : TmT (A[m o]) (m o)y
(t: TmAA)[o:SubT A]: TmT (A[c]) (t[aD)y
[id] : A[id] = A [id]*
[e]: Alo o8] = Alo][4] [o]*
ass:(dod)ov=co(5ov) ass™
idl:idea=0 idi®
idr:ooid=o idr*
p:{oc:Subl-} mo=¢ -t
ep:m(ot)=0c D[)’lA
>py:m(o,t) =t bﬁz"\

Jacob Neumann

: Set

(TN 5 Set
TA - At

Sy :Th) - Aty

=]

(y:FA)xAAy

= AM (O‘A Y)

=y

o (& y)

(c*y.thy)

= proj, (c* ¥)
:= proj, (a™y)

=t (a™y)

:= refl

:= refl

refl
refl
refl
refl

:= refl

:= refl

ep: (mo,me)=a

,o:(o,t)od = (o08,t[8])

U:Tyl'
El(a: TmTU) : Tyl
U[]:U[e] =U

EI[]: (Ela)[c] = El (a[o])

M(a: TmI'U)(B: Ty (I'> Ela)) : Ty’

app (¢t : TmT (ITaB)) : Tm (F'> Ela) B

(] : (MaB)(o] = M (alc]) (B[o'])

app[] : (appt)[o T] = app (t[c])
Id(a:TmTU) (tu:TmT (Ela)) : TyT
reflect (e : TmI (Idatu)): t=u

Id[]: (Idatw)[o] = 1d (a[c]) (t[s]) (u[s])

I1(T:Set) (B:T — Tyl) : Tyl

(t:TmT (IITB)) é@(a:T) : TmT (Ba)
0[] : (ITB)[e] =0T (Aa.(Ba)[c])

@[]:(téa)|o] =(tlo]) @a

A

GATs, Cats, and CwFs

UAy
(EIa)Ay
vt

EI[A
(ITaB)y
(app ) (v, @)
n[)*
app|]*
(Idatu)Ay
(rt:flccte]A
d(]*
(ITB) y
(tada)y

ar®

e

- (& : GAT

:= refl
:= refl

:= Set

— A

=da y
:= refl

= refl

(a: uAy) - BA(y,u)

= IAya

:= refl

:= refl

= (!Ay =ut Y)

:= funext e

= refl

=(a:T) = (Ba)*y
| .rAyct

= refl

:= refl

— Set

18 April 2025
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From [KKA19, Appendix A]

T': Con i :TA 5 T - Set
A:TyT AM STM YOyt AR Y0 s AR yiset El(a: TmI'U) : Ty T (Bl yMa’a! =a"yMa’=a!
. _ M —
o:SubT A aM TM Y0l o AM (A0 (oA yY) U[] : U[e] =U u[] .= refl
. - M -
f:TmT A M SM T 0 Ty o AM M (A 0) (A 1) El[] : (Ela)[a] = El(a[a]) Ell] = refl
++ Con M et =T W{iez T L)) 17 (A= Elan) & vy (MaB)M y™ f7 f! = (a1 ay?) — BN (M refl) (F7a®) (! (a™ y™ &%)
' A:Con (Ce M (%0 (v a’) = (M T Py x AM M o ! app (t: TmT (TlaB)) : Tm (I'> Ela) B (app )™ (Y™, &) =) MM a) oM
(A:TyA)[o:SubTA]: TyT (Aleh™ M a’ o' =AM (MyM) oo’ N : MaB)[e] =M (alo]) (Blo']) ™ = refl
id: SubT' T’ idM pM =" app[] : (appt)[o T] =app (t[a]) app[1™ = refl
(0:Sub®A) o (5 : SubTO) : SubT A (G0 S)MyM = o™ (M M) Id(a:TmTU) (fu:TmT (Ela)) : Ty T (Idatu)™yMele! =T
€:SubT - M YM =i reflect (e : TmT (ldatu)) : t =u (reflect r:z)M := UIP
(o' SubT &), (¢ : TmT (A[o])) : SubT (A A)  (o,0)™ M = (MM M M) (A0S a g =i Gl (E =T & T KT g
7 (o SubT (A A)) : SubT A (m )™M M = proj; (aM ™) B(T:Set) (B:T > TyD) : TyT (@TB)MyM 0 f! =(a:T) - Ba)"yM (') ()
72 (a : SubT (A> A)) : TmT (A[m o]) (2 )M M = projy (a™ yM) (¢:TmI AT B) é(a:T) : TmT (B) (roay™ ™ =rte
5 g T fr a M
(t:TmAA)[o:SubT'A]: TmT (A[s]) (t[aDM M =M (M M) I[] : (ITB)[o] =1IT (Aa.(Ba)[c]) (] = refl
[id] : Afid] = A [id]™ = refl all: (téa)la] = (tle)) @a @™ = refl
[e] : A[o o 8] = A[o][5] [e]™ := refl
ass: (cod)ov=co(dov) assM := refl
idl :idea =0 idM := refl

idr:ooid=0c iAM J—

i Y. (6: GAT) — &-Alg — &-Alg — Set

Bfpim (o t)=t —

p:(mo,ma)=c ™ := refl
o:(o,t)od = (aod t[d]) oM := refl
U:TyT L A o] =T — T
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Categories C il m—

CwFs QH

—_—
GAT signatures | Ctog™" --- ONEGAT
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Elements of initial algebra are
only those derivable from the
mere concept of the structure



Construction of initial algebras

def 91 : GAT := { Nat : U, zero : Nat, succ : Nat = Nat |
N := Tm(, Nat)

Nat : U, zero : Nat, succ : Nat = Nat -t : Nat

Forms a 9i-algebra with zero and A\t — succ t.

ICI3im' Can do this for arbitrary GAT &, by quotient
induction-induction on ONEGAT'.

Jacob Neumann GATs, Cats, and CwFs 18 April 2025 17 /37



Any GAT
extension of CioF
has an initial model




&3

Concrete CwFs



Displayed categories

Ahrens and Lumsdaine [AL19] introduce the notion of displayed
categories

Obj”: Obj — Set
Hom®: (I J: Obj) — Obj° I — Obj° J — Hom [ J — Set
id®: (/: Obj) — (I°: Obj° ) — HomP® /1 I° [P id,

Jacob Neumann GATs, Cats, and CwFs 18 April 2025 18 /37



We can define
"displayed
®B-algebra” for every
GAT &




-Alg: (&: GAT) — Set
Hom: (&: GAT) — &-Alg — &-Alg — Set
_-DAlg: (&: GAT) — &-Alg — Set

Jacob Neumann GATs, Cats, and CwFs 18 April 2025 19 /37



Syntax

I': Con

A:TyT

o:SubT' A

t:TmI'A

-: Con

I'>A:Con
(A:TyA)[o:SubTA] : Ty T

id: Subl' T’

(6:Sub®A)o (5:Subl'®) : SubT'A
€:Subl -

(o:SubT A), (£:TmT (A[a])) : SubT (A A)
m (o :Subl (A A)) : SubT A

a2 (o :SubT (A A)) : TmT (A1 a])
(t :TmAA)[o:SubT'A]: TmT (A[a])
[id] : Afid] = A

[o]: Ao 0 8] = A[o][4]

ass: (codlov=co(dov)
idl:idoo =0

idr:ceid=¢

:{o:Subl-} »o=¢
opm(o,t) =0

efr:m (o) =t
en:(mo,mo)=0c
,o:(a,t) 08 = (o046, t[d])

U:Tyl

Jacob Neumann

From [KKA19, Appendix A]

Displayed algebras

I :TA = Set

AP :l‘Dy—»AA]f—»Set

&0 :TPy = AP (6 )

0 (P TP y) = APy (M)
D g =T

(re A (r,a) =" : Py xA®yPa

(Ale)°yPa =A% (") a
idD P =yP
(o08)PyP = o® (80 yP)
el VD =1t

(a,6)° P = (a® yP, 10 yP)
(m0)°yP = proj; (¢° yP)
(m20)° yP := proj, (o yP)
(t[a])® yP =10 (6P yP)
[id]® := refl

[o]P := refl

ass” := refl

idI? = refl

idr®? = refl

4P := refl

l‘;-,HID := refl

&5, P = refl

Dr;D = refl —
,of := refl

uP yD T =T — Set

D

El(a: TmTU) : TyT

U[]:U[e]=U

EIl]: (Ela)[e] = El(a[a])
M(a:TmTU)(B: Ty (' Ela)) : TyT

app (t: TmT (IlaB)) : Tm(I'> Ela) B

M[] : (MaB)[c] =T (a[a]) (B[s'])

app[] : (appt)[o T] = app (t[a])
Id(a:TmI'U) (tu:TmI (Ela)) : Ty I’
reflect (e : TmT (ldatu)) :t=u

Id[]: (Idatu)[a] =Id(al[c]) (¢[c]) (u[a])
[(T:Set) (B:T = Tyl) : Tyl

(t:TmT (IITB)) @(a:T) : TmT (Ba)
[[]: ITB) o] =1T (Aa.(Ba) [5])

@[] : (t@a)[c] =(t[o]) @

. (& : GAT) — &-Alg — Set

GATs, Cats, and CwFs

(Ela)® yP a
u®

EI[]*
(MaB)PyP f

(app)° (y
m[)°
app|[]°
(Idaru)D yDe

(reflecle)D
1d[]°
(MITB)PyP f
(taa)®yP
if°

al®

=a®yPa

=

= refl

= (P : P yPa) —
B (yP.a") (f )

D,LID) = !D )’D (x'D

= refl

= refl

= trigo oy e (10 yP) =u®yP
0 yP t‘D=YD uP yP

= refl

=(a:T) > (Ba)®yP (fa)
=Py e

= refl

=

18 April 2025
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Displayed nat-algebras are “induction data”

M-Alg :=(N: Set)

N-DAlg (N, z,s) :=(N°: N — Set)
x(z°: NP z)
x(s%: (n: N) = N° n — N°(s n))

Jacob Neumann GATs, Cats, and CwFs 18 April 2025 21 /37



What kind
of thing is the
output of induction?




Sections

'Fact! We can define the type of sections of a given displayed
®-algebra, for all GATs &.

'Theorem Every displayed algebra over the initial ®-algebra admits

a section

e Principle of induction (e.g. N)
e Syntax model is contextual
e Unary parametricity

Jacob Neumann GATs, Cats, and CwFs 18 April 2025 22 /37



)
)

. GAT) — O-Alg — Set
)

— B-Alg — &-Alg — Set

— Set

GATs, Cats, and CwFs 18 April 2025 23 /37



From [KKA19, Appendi

Sections

vy ot
S :

e A)° (r,a) (P, al) = (5 : DSy yP) x A5 S a aP

(AleD®yS aa® =A% (6° ) aaP
idS 5 =yS
(c08)5yS =0’ (851)
esys =it

(a5 yS = (655, 155)
(m6)S = proj; (6 1)
(mo)’y® = proj, (a° v°)
(t[a])’y® =15 (ay%)
[id]® = refl

[¢]® := refl

ass® := refl

EJ L

e

vySTTP

Jacob Neumann

x Al

Sy TN —>1"Dy—>Set

TSy yP = (a: AMy) » AP yP a — Set
TSy yP = A5 (6*y) (a®yP)

(7T yyP) = A3y () (P D)

=T

refl
refl
refl

(a:T)—tTna:

(Elalsysafxu
u[p®

E[)°
(MaB)®y® f [P

(app ) (ys, a’)
m[)®
app[]®

(Ida.!u]syseeD

(reflccte)S

1d[]®

(T B yS f fP
(toa)® y“‘

[

@l1®

GATs, Cats, and CwFs

=a° ys a=aP
= refl
= refl

= (a:aAy)—>

B (y.refls s ,) (f @) (f (a*y* @)

= - 5 S
= Jx.;‘B> (y'q.z) (thya) t!nynxl (¢ ,,5“) &

= refl
= refl

=T

= UIP

= refl

=(a:T) = (Ba)’y’ (fa) (fP a)

= tsysa

refl

refl

>: (&: GAT) — (I': &-Alg) — &-DAlg — Set

= e

18 April 2025
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B-Alg: Set
Homg: ®-Alg — &-Alg — Set
&-DAlg: &-Alg — Set
&-Sect: (I: B-Alg) — &-DAIg I
— Set



Every

GAT gives rise to a

CwF of algebras and
displayed algebras
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Question

s the setoid model' the same thing as the
concrete CwF of setoids?

Is the groupoid model the same thing as the
concrete CwF of groupoids?

1We mean the setoid model a la Altenkirch [Alt99], which uses equivalence relations, not

the setoid model of Hofmann [Hof95a, Hof95b], which uses partial equivalence relations.
Jacob Neumann GATs, Cats, and CwFs 18 April 2025 27 /37
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Fibrancy data for setoid model

From [ABK™21, 7]

Displagen Heroid

| I'] — Type
v :|C} =T v%m — |Alv — |Aln — Prop
Ay || Ha:|Aly) = A™ (refl ' v) a a

V{vomaarH{p: I' " vomn}—=>A" papar - A~ (sym I' p) a1 ap
A7 poaoar > A7 p1araz > AT

coe: I'" vo0 71 = |Aly = |Alm

coh: (p:I'" v m)(a: |A|«/0)_>A’“pa(coeApa)} \

Filvaney
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Carve out
sub-CwFs of
concrete Cwks whose
types are fibrant



Autosynthesis

ne groupoid model provides a synthetic theory of groupoids
ne setoid model provides a synthetic theory of setoids

ne preorder model provides a synthetic theory of preorders?
ne category model provides a synthetic theory of categories?
Yes: [Neu25]
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[ABK*21] Thorsten Altenkirch, Simon Boulier, Ambrus Kaposi, Christian
Sattler, and Filippo Sestini.
Constructing a universe for the setoid model.

[AL19] Benedikt Ahrens and Peter LeFanu Lumsdaine.
Displayed categories.

[AIt99]  Thorsten Altenkirch.
Extensional equality in intensional type theory.
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[Car86]  John Cartmell.
Generalised algebraic theories and contextual categories.

[Hof95a] Martin Hofmann.
Extensional concepts in intensional type theory.

[Hof95b] Martin Hofmann.

A simple model for quotient types.

[KKA19] Ambrus Kaposi, Andras Kovacs, and Thorsten Altenkirch.
Constructing quotient inductive-inductive types.
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[NA24]  Jacob Neumann and Thorsten Altenkirch.
Synthetic 1-categories in directed type theory.

[Neu25]  Jacob Neumann.
A Generalized Algebraic Theory of Directed Equality.

[Nor19]  Paige Randall North.
Towards a directed homotopy type theory.
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