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Summary

Goal

Give precise relationship between different categorical structures
used to interpret dependent types such as

» display map categories,
» comprehension categories,
> categories with families,

» contextual categories...

Motivation
1. Literature on existing notions is scattered and incomplete
2. New notions are frequently developed

3. Most of these are ‘the same’ or nice subcategories of others,
but we wanted to write down the relationships clearly.
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Methodology

Our approach:

1. Comprehension categories are the most general notion

2. ldentify other notions as constituting certain subcategories of
comprehension categories
Focus on the 2-categories of these notions.

But we also give a strict/1-categorical analysis
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Why 2-categories?

There were previous analyses on the 1-categorical level, e.g., by
Javier Blanco and Martin Hofmann.

But we prefer a 2-categorical analysis:

» These are categories with structure, so they naturally form
2-categories.

» Want to have pseudo (weak) morphisms between these
categories with structure, and need 2-morphisms to ‘control’
these.

» These arise naturally: e.g., after applying Hofmann's
strictification
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Frameworks with types as certain maps

Comprehension categories

H

Full comprehension categories

|-
Structured display map Comp cats with types a full
categories subcategory of maps

] b
Display map categories _ Comp cats with types a full, replete
=~ subcategory of maps

ﬁ I

Comp cats with t full, replete,
Clans — p cats with types a full, replete
= comp’n-closed subcat of maps

] [

Finite-limit categories > Comp cats with types = maps
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Frameworks with types as primitive

Comprehension categories

J

Cats with attributes S Discrete comp cats

-

Cats with families

-

Natural models Discrete pointed comp cats
Jrl
Contextual categories < Contextual discrete comp cats
C-systems

-]

B-systems

Conclusion
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Comprehension categories

Definition

A comprehension category consists of
1. a category C (whose objects we call contexts);
2. afibration T —2— C (of types); and

3. afunctor 7 —X— C~ (comprehension); such that

4. x lies strictly over C, in that cod oy = p, and is cartesian, i.e.
sends p-cartesian maps to pullback squares.
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Pseudo maps of comprehension categories

Definition
A pseudo map (F,F,p): (C,T,p,x)— (C',T,p,X') is:
1. a functor F : C — C';

2. a functor F : T — T lying (strictly) over F, and sending
p-cartesian maps to p’-cartesian maps; and

3. a natural isomorphism ¢ : X'F = F~ lying (strictly) over the
identity natural transformation on F

A strict map is a pseudo map where ¢ is the identity.

T 2o

\\

i F(T.A) ——> FT.FA

\ / HXA)\FF/X;A
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Summary: comprehension categories

» Comprehension categories, pseudo maps (resp. strict maps),
and transformations form a 2-category CompCat
(resp. CompCats™?),

Why (not) use comprehension categories?
+ versatile

— morphisms of types don't mean anything
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Frameworks with types as certain maps
Comprehension categories

H

Full comprehension categories

|-
Structured display map Comp cats with types a full
categories subcategory of maps

y |
Display map categories Comp cats with types a full, replete
subcategory of maps

- I
v ~  Comp cats with types a full, replete,
~ comp’n-closed subcat of maps

) 17

Finite-limit categories Comp cats with types = maps

1R

oo

R

o

NB! The right-hand sides of each = is the 2-category with strict
1-morphisms.
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Display map categories
Definition
A display map category consists of

1. a category C together with

2. a replete (i.e. isomorphism-invariant) subclass D C mor(C) of
maps (called display maps and written —)

3. such that display maps pull back along arbitrary maps:

[
frd id
L
Why (not) use display map categories?
-+ easy to construct from mathematical objects

— relatively far removed from syntax
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Structured display map categories

Definition
A structured display map category (sDMC) consists of
1. a category C together with

2. a subclass D C mor(C) of maps (called display maps and
written —»)

3. such that display maps pull back along arbitrary maps:

« —— .

et = 1

frd; Ld (1)
P

A morphism of sDMCs is a functor preserving display maps and

pullbacks.
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Frameworks with types as certain maps
Comprehension categories
|0
Full comprehension categories
|-
Structured display map N Comp cats with types a full
categories subcategory of maps
4 I

Display map categories Comp cats with types a full, replete
subcategory of maps

- I
v ~  Comp cats with types a full, replete,
~ comp’n-closed subcat of maps

) 17

Finite-limit categories Comp cats with types = maps

1R

oo

R

o

NB! The right-hand sides of each = is the 2-category with strict
1-morphisms.
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Clans

Definition
A display map category is rooted if
1. C has a terminal object, and

2. all morphisms to the terminal object are composites of display
maps and isomorphisms. (In the non-structured case,
repleteness renders the isomorphisms redundant.)

Definition
A clan is a rooted display map category (C, D) where D is closed
under composition and contains all identities.

Why (not) use clans?
-+ easy to construct from mathematical objects

— relatively far removed from syntax
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Finite-limit categories

Construction

Every finite-limit category C forms a clan (C, mor(C)), so
Finite-limit categories — Clans

This has a right adjoint given by the following:

Construction

Given a clan (C, D), call an object X € C separated if X — X x X
is a display map.

The full subcategory of separated objects is a finite-limit category.
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Frameworks with types as primitive

Cats with attributes

|

Cats with families

|

Natural models

Contextual categories

|

C-systems

-]

B-systems

Comprehension
categories

J

~ . Full split com
< Discrete comp cats <> P p

~ cats w split maps

Discrete pointed comp
cats
Jrl
Contextual discrete
comp cats
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Categories with families

Definition

A category with families consists of
1. a category C;
2. a presheaf Ty : C°P — Set;
3. a presheaf Tm : [, Ty — Set; and

Types as primitive
000000

4. foreach I € C,A € Ty(I'), an object I'.A and map

pa: [.A—T representing Tm(l', A).

Why (not) use categories with families?

+ relatively close to syntax

Conclusion
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Categories with families

Definition
» A strict map? is a functor and natural transformations
preserving [.A, pa on the nose.

» The 1-category whose 1-cells are strict maps is equivalent to
the 1-category ofdiscrete comprehension categories.

> A weak map” preserves I'.A, pa only up to isomorphism.

» The 2-category whose 1-cells are weak maps is equivalent to
the 2-category of full, split comprehension categories with split
maps.

> A pseudo map€ preserves reindexing only up to isomorphism.

» The 2-category whose 1-cells are pseudo maps is equivalent to

the 2-category of full, split discrete comprehension categories.

“Dybjer
bBirkedal, Clouston, Mannaa, Mggelberg, Pitts, Spitters
€Clairambault, Dybjer
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Contextual categories

Definition

A contextual category consists of
1. a category C equipped with a distinguished terminal object 1;
2. a tree structure on ob C with root 1;

3. for each non-root object A, a “projection” pa : A— par(A)
from A to its parent;

4. pullbacks of projections along arbitrary maps to projections
f*pa = prra, strictly functorial in that 1*A = A,
(fg)*A=g*f*A.

Why (not) use contextual categories?
+ very close to syntax

— difficult to construct from mathematical objects
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Contextual categories

Definition
Given a comprehension category (C, 7, p, x), the contextual slice
C 4T is the comprehension category whose underlying category

» has objects finite sequences (Ao, ..., An—1) in which
Ak € Tr Ag.. A foreach 0 < k < n
» has morphisms inherited from C.
The comprehension category (C, T, p, x) is contextual if C has a

terminal object 1 and the projection C § 1 — C is bijective on
objects.

Theorem

The 1-category of contextual comprehension categories and strict
maps is equivalent to the 2-category of contextual comprehension
categories and pseudo maps.
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Frameworks with types as primitive

Comprehension categories

J

Cats with attributes S Discrete comp cats

-

Cats with families

-

Natural models Discrete pointed comp cats
Jrl
Contextual categories < Contextual discrete comp cats
C-systems

-]

B-systems

Conclusion
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Summary

» Comprehension categories encompass other notions, which can
be characterized via structure on comprehension categories

» Comparison on the level of 2-categories, considering
pseudo-maps instead of strict maps

» Most notions are well-behaved in that they are equivalent to
2-categories of certain comprehension categories
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Future work

> A textbook?
> An axiomatization?

» Universal properties giving the equivalences?
» Strict vs. weak models of 2-theories?

Conclusion
oceo
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Thank youl
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