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What is the categorical analogue to dependent functions?

This question is different from finding categorical models for the
whole of MLTT.

We want to model the
ś

-type categorically

§ as a fundamental notion,

§ independent from a corresponding implementation of the
ř

-type,

§ and without requiring a strong background on MLTT.



How arrows generalise functions
They preserve some properties of functions

a a b b
1a f 1b

f

f

a b c d
f g h

g ˝ f

h ˝ pg ˝ f q

h ˝ g

ph ˝ gq ˝ f



1 a b

i

f piq

j

f pjq

f

They forget some properties of functions

1 a b
i

g

gpiq

f

f piq



They add some properties that cannot be traced to functions

a b 0
u

f ´1puq

w

f ´1pwq

f

a b 0
u

g

g´1puq

f

f ´1puq



To C1 we add family-arrows C2 and dependent arrows C3

C1

C2

C3

Dependent Category Theory



Categories with family-arrows λ P fHompaq

a .λ

b a .f λ

λ ˝ f

a a .
1a λ

λ

c b a .
g f λ

f ˝ g

λ ˝ pf ˝ gq

λ ˝ f

pλ ˝ f q ˝ g



Constant family arrows

a .b

c a .f b

b



Family-arrows on a topos C (Pitts)

fHompaq :“
ď

bPC0

Hompaˆ b,Ωq

If g : c Ñ a, then

pb, eq ˝ g :“
`

b, e ˝ pg ˆ 1bq
˘

a aˆ b b

c ˆ b

c b

Ω

prc

pra

g

prb

g ˆ 1b

prb

1b

e

pb, eq ˝ g



Fam-arrows preserve/forget properties of families of types

If C has 1 and λ P fHompaq, then i “ j ñ λpiq “ λpjq.

1 a . 1 a .

i

λpiq

j

λpjq

λ i

µ

µpiq

λ

λpiq

C with 1 has the family-arrow-extensionality property pfarExtq, if

@iPapλpiq “ µpiqq ñ λ “ µ

If fHompaq :“ a{C, the coslice of C over a, and composition λ ˝ f the
composition in C, then C has pfarExtq if and only if C has parExtq.



Categories with family-arrows and Sigma-objects

ΣC :“

ˆ

ÿ

a

λ P C0, pr
a,λ
1 :

ÿ

a

λÑ a P C1,

Σλf :
ÿ

b

pλ ˝ f q Ñ
ÿ

a

λ P C1

˙

a,bPC0,λPfHompaq,f PHompb,aq

b a

ř

a λ

.

ř

bpλ ˝ f q

f

Σλf

pr
b,λ˝f
1 pr

a,λ
1

λ

λ ˝ f



a a

ř

a λ
ř

apλ ˝ 1aq

1a

Σλ1a

pr
a,λ˝1a
1 pr

a,λ
1

ř

cpλ ˝ f q ˝ g
ř

bpλ ˝ f q

c b

ř

a λ

a

Σpλ˝f qg Σλf

fg

pr
c,pλ˝f q˝g
1 pr

b,λ˝f
1 pr

a,λ
1

Σλpf ˝ gq

pfam,Σq-categories with 1 are the type-categories of Pitts (or
Cartmell’s categories with attributes).



If pR,`, 0, ¨, 1q is a commutative ring, and if CpR,`, 0q is the
category of its additive, group-structure with objects a singleton t˚u
and arrows the elements of R, then every commutative square

˚ ˚

˚˚

c

a

d b

is a pullback. Let Famp˚q :“ R ˆ R and pa, bq ˝ c :“ pc ` a, c ` bq.

Let
ř

˚pa, bq :“ ˚, pr
˚,pa,bq
1 :“ a ¨ b, Σpa,bqc :“ cp1` c ` b ` aq,

˚ ˚

˚˚

c

cp1` c ` b ` aq

pc ` aq ¨ pc ` bq a ¨ b

CpR,`, 0q is a pfam,Σq-category, which, in general, has no 1.



If C has binary products and b P fHompaq,

ÿ

a

b :“ aˆ b & pr
a,b
1 :“ pra : aˆ b Ñ a.

c a

aˆbcˆb

d

f

f ˆ 1b
prb pra

q

p

xq, prb ˝ py



Sigma-objects on a topos (Pitts)

1 Ω

aˆ b
ř

apb, eq a

J

p pra

e

pr
a,pb,eq
1

1 Ω

aˆ b
ř

apb,eq

ř

c pb,eq˝g

J

p

e

pg ˆ 1bq ˝ q
ř

pb,eq g



Categories with dep-arrows Φ P dHompa, λq, λ P fHompaq

a .λ

Φ

b a .f

λ

λ ˝ f

Φ

Φ ˝ f



a a .
1a

λ

Φ

Φ

Φ ˝ 1a

c b a .
g f λ

g ˝ f

Φ ˝ pf ˝ gq

Φ ˝ f

pΦ ˝ f q ˝ g



Dep-arrows preserve and forget properties of dep-functions

1 a .

j

i

λ

Φ

Φ ˝ i

Φ ˝ j

1 a .i λ

Φ

Ψ

Φ ˝ i

Ψ ˝ i

A dep-category C with 1 has the dependent-arrow-extensionality
property pdarExtq, if @iPapΦpiq “ Ψpiqq ñ Φ “ Ψ



Any category C is turned into a dep-category I

fHompaq :“ C0

dHompa, bq :“ Hompa, bq

f ˝ g P dHompc , b ˝ gq :“ dHompc, bq :“ Hompc , bq



Any category C is turned into a dep-category II

fHompaq :“ Spaq :“ tSa | Sa is a sieve on au

Sa ˝ f :“ tg P Homp´,dompf qq | f ˝ g P Sau

dHompa,Saq :“ tG paq | G is a Groth top on C & Sa P G paqu

G paq ˝ f :“ G pdompf qq P dHompdompf q, Sa ˝ f q



Any pfam,Σq-category is turned into a dep-category

dHompa, λq :“ Daλ :“

"

φ P Hom

ˆ

a,
ÿ

a

λ

˙

| pr
a,λ
1 ˝ φ “ 1a

*

a
ř

a λ

a

φ

pr
a,λ
11a

b a

ř

a λ
ř

bpλ ˝ f q

b

f

Σλf

pr
b,λ˝f
1 pr

a,λ
1

1b

φ ˝ f

φpf q



The canonical dep-structure on a topos C
Theorem (Ehrhardt)

If a P C and pb, eq P fHompaq i.e., e : aˆ b Ñ Ω, then

dHompa, pb, eqq :“

"

φ : P Hom

ˆ

a,
ÿ

a

pb, eqq

˙

| pr
pa,pb,eq
1 ˝ φ “ 1a

*

is bijective to

 

f P Hompa, bq | e ˝ x1a, f y “ J˝!au

a aˆ b b

a

Ω

1a

pra

f1a ˆ f

prb

e

J˝!a



There are dep-structures that are not induced by the
corresponding pfam,Σq-structures

The canonical dep-structure on a commutative ring is the singleton

dHomp˚, pa, bqq :“ tr P R | ab ` r “ 0u,

while one can define the following dep-structure

dHom1p˚, pa, bqq :“ tI P IdealpRq | a´ b P I u,

I ˝ r :“ I , r P Homp˚, ˚q.

We can find trivially R and a, b P R with many ideals containing
a´ b.



Categories with dependent arrows and Sigma-objects

ř

a λ a .
pr

a,λ
1 λ

λ ˝ pra,λ
1

Pr
a,λ
2

b a

ř

a λ

.

ř

bpλ ˝ f q

f

Σλf

pr
b,λ˝f
1 pr

a,λ
1

λ

Pr
a,λ
2

Pr
a,λ
2 ˝ Σλf

Pr
b,λ˝f
2



pr1 :

ˆ

ÿ

x : A

Ppxq

˙

Ñ A, pr1pa, bq :“ a

Pr2 :
ź

z :
ř

x : A Ppxq

Pppr1pzqq, Pr2pa, bq :“ b

z “
`

pr1pzq, Pr2pzq
˘

ř

x : A Ppxq A U
pr1 P

P ˝ pr1

Pr2



If C has binary products and b P fHompaq,

C is turned into a pdep,Σq-category:

Pr
a,b
2 :“ prb P dHompaˆb, b˝praq :“ dHompaˆb, bq :“ Hompaˆb, bq,

and by the definition of f ˆ 1b we get

Pr
a,b
2 ˝ Σbf :“ prb ˝ pf ˆ 1bq “ prb “: Prc,b

2 “ Pr
c,b˝f
2 .



Theorem
A pfam,Σq-category C is turned into a pdep,Σq-category:

Pr
a,λ
2 P Dř

a λ

`

λ ˝ pra,λ
1

˘

“

"

φ P Hom

ˆ

ÿ

a

λ,
ÿ

ř

a λ

pλ ˝ pra,λ
1 q

˙

| pr
ř

a λ,λ˝pr
a,λ
1

1 ˝ Pr
a,λ
2 “ 1ř

a λ

*

ř

a λ
ř

ř

a λ
pλ ˝ pra,λ

1 q
ř

a λ
Pr

a,λ
2 pr

ř

a λ,λ˝pr
a,λ
1

1

1ř
a λ



Proof.

ř

a λ a

ř

a λ
ř

ř

a λ
pλ˝pra,λ

1 q

ř

a λ

pr
a,λ
1

Σλpr
a,λ
1

pr

ř

a λ,λ˝pr
a,λ
1

1 pr
a,λ
1

1ř
a λ

1ř
a λ

Pr
a,λ
2



There are pdep,Σq-structures that are not induced by the
corresponding pfam,Σq-structures

Let non-canonical dep-structure on a commutative ring

dHom1p˚, pa, bqq :“ tI P IdealpRq | a´ b P I u,

I ˝ r :“ I , r P Homp˚, ˚q.

We can define

Pr
˚,pa,bq
2 :“ xa´ by P dHom1p˚, pa, bq ˝ abq :“

dHom1p˚, pab ` a, ab ` bqq “ dHom1p˚, pa, bqq.



What we add that is not traced to dependent functions



To C1 we add cofamily-arrows coC2 and codependent
arrows coC3

C1

coC2

coC3

coDependent Category Theory



Categories with cofamily-arrows ρ P cofHompaq

. a . a b
ρ fρ

f ˝ ρ

b b
1bρ

ρ

b c d
gfρ

g ˝ f

pg ˝ f q ˝ ρ

f ˝ ρ

g ˝ pf ˝ ρq



Any category C is turned into a cofam-category

cofHompaq :“ C0

. a . a b
b fb

b



Cofamily-arrows on a topos C

cofHompaq :“
ď

bPC0

HompΩ, a` bq

If g : aÑ c , then g ˝ pb, ρq :“
`

b, pg ` 1bq ˝ ρ
˘

.

a a` b b

c ` b

c b

Ω

inc

ina

g

inb

g ` 1b

inb

1b

ρ

g ˝ pb, ρq



If a cofam-category C has 0, then u “ w ñ ρ´1puq “ ρ´1pwq, and
C has the cofamily-arrow-extensionality property pcofarrExtq, if

@uPopbpρ
´1puq “ σ´1puqq ñ ρ “ σ

. b 0 . b 0
u

ρ´1puq

w

ρ´1pwq

ρ u

σ

σ´1puq

ρ

ρ´1puq

C becomes a cofam-category by taking the slices as cofamily-arrows,
and then C has pcofarrExtq if and only if C has parcoExtq.



Categories with cofamily arrows and coSigma-objects

QC :“

ˆ

Qaρ P C0, in
a,ρ
1 : aÑQaλ P C1,

Qρf : QaρÑQbpf ˝ ρq P C1

˙

a,bPC0,ρPcofHompaq,f PHompa,bq

Qaρ Qbpf ˝ρq

ba.

Qρf

f

in
a,ρ
1 in

b,f ˝ρ
1

ρ

f ˝ ρ



In Set, if ρ : X Ñ A in cofHompAq, let

QAρ :“ tρ´1paq | a P Au

in1
A,ρ : AÑQAρ, a ÞÑ ρ´1paq

rQρf spρ
´1paqq :“ pf ˝ ρq´1pf paqq

QAρ QB pf ˝ρq

BA.

Qρf

f

in
A,ρ
1 in

B,f ˝ρ
1

ρ

f ˝ ρ



In Ring with arrows f : R Ñ S ring-epimorphisms, if
cofHompRq :“ IpRq, the ideals of R, with f ˝ I :“ f pI q, then

QR I :“ R{I

in1
A,ρ : AÑQAρ, r ÞÑ r ` I

QI f : R{I Ñ S{I , rQI f spr ` I q :“ f prq ` f pI q

QR I QS pf pI q

SR.

QI f

f

in
R,I
1 in

S ,f pI q
1

I

f pI q



If C has binary coproducts and b P cofHompaq,

Qab :“ a` b & in
a,b
1 :“ ina : aÑ a` b.

a` b c ` b

ca

d

g ` 1b

g

ina inb

l

k

k`pl˝inbq



coSigma-objects on a topos

a` b Qapb, ρq

1Ω

a
q

ina

ρ i

in
a,pb,eq
1



Cats with codep-arrows χ P codHompa, ρq, ρ P cofHompaq

a.
ρ

A

. a a
f

ρ

f ˝ ρ

A
f ˝A



. a a
1aρ

A

A

1a ˝A

. a b c
ρ
A

f g

g ˝ f

f ˝A

g ˝ pf ˝Aq

pg ˝ f q ˝A



A pcofam,Qq-category is a codep-category

If C is a pcofam,Qq-category, let for every a P C and ρ P codHompaq

Caρ :“
 

ψ P Hom
`Qaρ, a

˘

| ψ ˝ in1
a,ρ “ 1a

(

a Qaρ a
ψin1

a,ρ

1a

be the codependent objects of ρ. If codHompρ, aq :“ Caρ, then C
becomes a codep-category.



Proof:

If we write f pψq, instead of the used in the proof composition f ˝ ψ,
we get the required arrow by the universal property of pushouts.

Qaρ Qbpf ˝ρq

ba

b

.

Qρf

f

in1
a,ρ in1

b,f ˝ρ

f pψq

1b

f ˝ ψ



Second injection In
a,ρ
2

The dual to the dependent arrow Pr
a,λ
2 is the codependent arrow

In
a,ρ
2 P codHom

`

in
a,ρ
1 ˝ ρ,Qaρ

˘

. a Qaρ
ρ in

a,ρ
1

in
a,ρ
1 ˝ ρ

In
ρ,a
2

such that, for every b P C and f P Hompa, bq we have that

In
b,f ˝ρ
2 “Qρf ˝ In

a,ρ
2 .



A pcofam,Qq-category is a pcodep,Qq-category

Qaρ QQaρ
pin

a,ρ
1
˝ρq

a Qaρ

Qaρ

Qρin
a,ρ
1

in
a,ρ
1

in
a,ρ
1 in

Qaρ,in
a,ρ
1
˝ρ

1

In
a,ρ
2

1Qaρ

1Qaρ



To C1 we add C2,C3 and coC2, coC3

C1

C2

C3

coC2

coC3

Dependent and coDependent Category Theory



The category of small types U

A : U , cofampAq :“ A, codHompA, aq :“ ΩpA, aq :“ a “A a,

f ˝ p :“ f ppq : codHompB, f paqq :“ ΩpB, f paqq :“ f paq “B f paq.

. A B
f

a

f paq

p:a“Aa

f ppq : f paq“B f paqq

This codep-structure on U is not induced by the following
Q-structure on U .



QAa :“ Aˆ

ˆ

ÿ

x : A

px “A aq

˙

,

in
A,a
1 : AÑ Aˆ

ˆ

ÿ

x : A

px “A aq

˙

, a1 ÞÑ
`

a1, pa, reflaq
˘

,

In
A,a
2 :“ reflpa,pa,reflaqq : codHom

`

in
A,a
1 ˝ a,QAa

˘

.

. A Aˆ

ˆ

ř

x : Apx “A aq

˙

a in
A,a
1

in
A,a
1 paq :“

`

a, pa, reflaq
˘

In
A,a
2

The interplay between the dependent and codependent features of
U is expected to lead to a good notion of type-category.



Small types form a 2-fam-category

A U

Q

P

HompP,Qq :“
ź

x : A

pPpxq Ñ Qpxqq



A topos is a 2-fam-category

If pb, eq and pc , f q are in fHompaq, then

Hom
`

pb, eq, pc , f q
˘

:“ tg P Hompb, cq | f ˝ p1a ˆ gq “ eu

aˆ b aˆ c c
1a ˆ g f

e

Toposes are also 2-pfam,Σq-categories, 2-dep-categories, and
2-pdep,Σq-categories (see [9]).



Higher dep-categories

If a P C0, λ P fHompaq, and Φ P dHompa, λq, then one can define

dHomp2q
`

a, λ,Φ
˘

,

such that if Φp2q P dHomp2q
`

a, λ,Φ
˘

and f P Hompb, aq, then

Φp2q ˝ f P dHomp2q
`

b, λ ˝ f ,Φ ˝ f
˘

,

together with the obvious compatibility conditions.

a . b a .
λ

Φ

Φp2q

f λ

λ ˝ f

Φ

Φ ˝ f

Φp2q ˝ f



In the case of TypepUq a natural canidate for dHomp2q
`

A,P,Φ
˘

,
where A : U ,P : AÑ U , and Φ:

ś

x : A Ppxq is the type of the
dependent application apΦ of Φ i.e.,

dHomp2q
`

A,P,Φ
˘

:“
ź

x ,y : A

ź

p : x“Ay

pP
˚ pΦxq “Ppyq Φy .

The corresponding higher Σ-objects are expected to be defined, and
to behave as the dependent Σ-objects.



If n ą 2, and Φ P dHompa, λq,Φp2q P dHomp2q
`

a, λ,Φ
˘

, . . .,

Φpnq P dHompnq
`

a, λ,Φ, . . . ,Φpn´1q
˘

, then we can define

dHompn`1q
`

a, λ,Φ,Φp2q, . . . ,Φpnq
˘

satisfying the obvious compatibility conditions with the dependent
arrow-structures of lower degree. We hope to elaborate these higher
dependent arrow-structures, together with their dual higher
codependent arrow-structures

codHompn`1q
`

a, ρ,A,Ap2q, . . . ,Apnq
˘

,

in future-work.
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