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What is the categorical analogue to dependent functions?

This question is different from finding categorical models for the
whole of MLTT.
We want to model the | [-type categorically

» as a fundamental notion,

» independent from a corresponding implementation of the
2-type,
» and without requiring a strong background on MLTT.



How arrows generalise functions

They preserve some properties of functions







They add some properties that cannot be traced to functions



To C; we add family-arrows C, and dependent arrows C3

G

G
G

Dependent Category Theory



Categories with family-arrows A € fHom(a)




Constant family arrows



Family-arrows on a topos C (Pitts)

fHom(a) := U Hom(a x b,Q)
bEC()
If g: ¢ — a, then

(b,e)og:= (b,eo(g X 1b))
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Fam-arrows preserve /forget properties of families of types

If C has 1 and \ € fHom(a), then i = j = A(i) = A(j).
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C with 1 has the family-arrow-extensionality property (farExt), if

Viea(A(7) = p(i)) = A = p

If fHom(a) := a/C, the coslice of C over a, and composition Ao f the
composition in C, then C has (farExt) if and only if C has (arExt).



Categories with family-arrows and Sigma-objects

Yo = <Z)\e G, prit: DA —ae (G,
a a

Taf: Y (Aof) > > e Cl)
b a

S0 2 va

b,Aof a,\
pT; l Jprl

a,be Cy,A\efHom(a),feHom(b,a)




d.(Aol) —/—= YA

a,\ol, a,\
pry pPry

a—23
1,
Ya(fog)

X (xof)8 Saf
S (Aoflog—— S, (Aof) — 5 S\
pr;,(kof)ogl pria)\ofl Jpr‘la,)\
c a
g b f

(fam, ¥ )-categories with 1 are the type-categories of Pitts (or
Cartmell’s categories with attributes).



If (R,+,0,-,1) is a commutative ring, and if C(R, +,0) is the
category of its additive, group-structure with objects a singleton {x}
and arrows the elements of R, then every commutative square

is a pullback. Let Fam(x
Let >, (a, b) := *, pry’

(c+ c—i—bl

C(R,+,0) is a (fam, X)-category, which, in general, has no 1.
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If C has binary products and b € fHom(a),

Zb:zaxb & pri’b:zpra:axbﬁa.
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Sigma-objects on a topos (Pitts)
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Categories with dep-arrows ® € dHom(a, \), A € fHom(a)






Dep-arrows preserve and forget properties of dep-functions
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A dep-category C with 1 has the dependent-arrow-extensionality
property (darExt), if Viea(®(i) = V(i) = ® =WV



Any category C is turned into a dep-category |

fHom(a) := Cp
dHom(a, b) := Hom(a, b)
f o g € dHom(c, bo g) := dHom(c, b) := Hom(c, b)



Any category C is turned into a dep-category Il

fHom(a) := S(a) := {S, | S, is a sieve on a}
S,of :={g € Hom(—,dom(f)) | foge S}
dHom(a, S;) := {G(a) | G is a Groth top on C & S, € G(a)}
G(a)of := G(dom(f)) € dHom(dom(f), S, o f)



Any (fam, Y )-category is turned into a dep-category

dHom(a, \) := D\ := {(b € Hom<a,Z)\> ’ pri,)\ o¢— 1a}
a




The canonical dep-structure on a topos C

Theorem (Ehrhardt)
IfaeC and (b,e) € fHom(a) i.e., e: a x b — Q, then

dHom(a, (b, e)) := {gb: e Hom(a,Z(b, e))) | pri®) o g = 13}

a

is bijective to

{f e Hom(a, b) | eo (1,,f) = Tol,}




There are dep-structures that are not induced by the
corresponding (fam, ¥ )-structures

The canonical dep-structure on a commutative ring is the singleton
dHom(x, (a, b)) := {re R| ab+ r =0},
while one can define the following dep-structure
dHom' (%, (a, b)) := {/ € Ideal(R) | a— be I},

lor:=1, reHom(x,x).

We can find trivially R and a, b € R with many ideals containing
a—b.



Categories with dependent arrows and Sigma-objects
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pry: (2 P(x)> — A, pry(a,b):=a

x: A

Pry: H P(pr,(z)), Pra(a,b):=b
Z: ZX: AP(X)

z= (prl(z), Prs (z))




If C has binary products and b € fHom(a),

C is turned into a (dep, X)-category:
Pr;’b := pr,, € dHom(ax b, bopr,) := dHom(ax b, b) := Hom(ax b, b),
and by the definition of f x 1, we get

Prg’b oXpf :=prpo(f x1p) =pr, = Prg’b = Prg’bOf.



Theorem
A (fam, X )-category C is turned into a (dep, X)-category:

Pr;’)‘ € Dy ()\ o pri’)‘) =
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Proof.
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There are (dep, X)-structures that are not induced by the
corresponding (fam, ¥ )-structures

Let non-canonical dep-structure on a commutative ring
dHom'(x, (a, b)) := {l € Ideal(R) | a— be I},
lor:=1, reHom(x,sx).
We can define
pry(®?)

:=(a— b) € dHom'(*, (a, b) © ab) :=

dHom'(*, (ab + a, ab + b)) = dHom'(x, (a, b)).



What we add that is not traced to dependent functions



To C; we add cofamily-arrows coC, and codependent

arrows coCs
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coDependent Category Theory



Categories with cofamily-arrows p € cofHom(a)
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Any category C is turned into a cofam-category



Cofamily-arrows on a topos C

cofHom(a) := U Hom(Q,a + b)
bECo

If g: a— c, then go (b, p) := (b, (g + 1p) 0 p).
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If a cofam-category C has 0, then u = w = p~!(u) = p~%(w), and
C has the cofamily-arrow-extensionality property (cofarrExt), if

Vyeorp(p Hu) =0 u) = p=0

C becomes a cofam-category by taking the slices as cofamily-arrows,
and then C has (cofarrExt) if and only if C has (arcoExt).



Categories with cofamily arrows and coSigma-objects
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In Set, if p: X — Ain cofHom(A), let
Qap:=1{p(a) | ac A}
inf,: A QAp, a7 ()
[Qf1(p™ (a) == (f o p)"}(f(a))
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In Ring with arrows f: R — S ring-epimorphisms, if
cofHom(R) := Z(R), the ideals of R, with f o [ := f(I), then

Ol = R/I

in/lé\’p:A—>QA,o, r—r+1

Q,f: R/l - S/1,  [Qfl(r+1):=f(r)+Ff(I)

S
Jinf’f(l)



If C has binary coproducts and b € cofHom(a),

Q.b:=a+b & ini’b:z in,: a—a+ b




coSigma-objects on a topos
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Cats with codep-arrows X € codHom(a, p), p € cofHom(a)
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A (cofam, Q)-category is a codep-category

If Cis a (cofam, Q)-category, let for every a € C and p € codHom(a)
C.p:= {ve Hom(Qap, a) | ¢o ini’p = 1.}

inl
a,p
a—— Qp——a

\/’

1,
be the codependent objects of p. If codHom(p, a) := C,p, then C
becomes a codep-category.



Proof:

If we write f(v)), instead of the used in the proof composition f o),
we get the required arrow by the universal property of pushouts.




Second injection InJ”

The dual to the dependent arrow Prg’)‘ is the codependent arrow
Inj” € codHom(in{" o p, Qap)

Inpa
s a0
p 10
: \a/ Qap
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such that, for every b e C and f € Hom(a, b) we have that

In bfo'o Q foInZ’p.



A (cofam, Q)-category is a (codep, Q)-category




To (i we add G, (3 and coC,, coCs

G
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Dependent and coDependent Category Theory



The category of small types U

A:U, cofam(A):=A, codHom(A,a):=Q(A a):=a=xa,
fop:=f(p): codHom(B, f(a)) := Q(B,f(a)) := f(a) =g f(a).

f(p): f(a)=5f(a))

This codep-structure on U is not induced by the following
O-structure on U.



Quai=Ax ( Tx=aa)).
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The interplay between the dependent and codependent features of
U is expected to lead to a good notion of type-category.



Small types form a 2-fam-category



A topos is a 2-fam-category

If (b,e) and (c, f) are in £Hom(a), then

Hom((b, e), (c,f)) := {g € Hom(b,c) | fo (1, x g) = e}

Toposes are also 2-(fam, ¥ )-categories, 2-dep-categories, and
2-(dep, X )-categories (see [9]).



Higher dep-categories

If ae Cy, \ € fHom(a), and ® € dHom(a, \), then one can define
dHon® (a, A, CD),
such that if ) e dHom(® (a, A, ) and f € Hom(b, a), then
®@ o f e aHon® (b, Ao f,d o f),
together with the obvious compatibility conditions.

do
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In the case of Type(U/) a natural canidate for dHom® (A, P, ®),
where A: U, P: A— U, and ®: [],. 4, P(x) is the type of the
dependent application apg of ® i.e.,

dHon® (A, P,®) := [ T[] PL(®) =p) Py
X,y Api x=ay

The corresponding higher ¥ -objects are expected to be defined, and
to behave as the dependent X -objects.



If n> 2, and ¢ € dHom(a, \), ®? € dHom® (a, A, @), ...,
e ¢ dHom(”)(a, AO, L CD(”_l)), then we can define

dHom " (2, A, &, 0. &)

satisfying the obvious compatibility conditions with the dependent
arrow-structures of lower degree. We hope to elaborate these higher
dependent arrow-structures, together with their dual higher
codependent arrow-structures

codHom("*1) (a, 0, A, AP ,A(")),

in future-work.
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