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A quick introduction to unification

?
t =_u
~ =~

terms with metavariables M, N, ...

Unifier = metavariable substitution o s.t.

tlo] = ulo]
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A quick introduction to unification

?
t =_u
~ =~

terms with metavariables M, N, ...

Unifier = metavariable substitution o s.t.
tlo] = ulo]
Most general unifier = unifier ¢ that uniquely factors any other
Yo, tol=uld] & 3. §=8o0

Goal of unification = find the most general unifier
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Where is unification used?

First-order unification Second-order unification

No metavariable argument M(...)

@ Logic programming (Prolog) @ A\-Prolog
@ ML type inference systems @ Type theory, proof assistants
(M = N) = (N = M) (Vx.M(x, u)) = t
Undecidable
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Pattern unification [Miller '91]

A decidable fragment of second-order unification.

Pattern restriction:

M( x1,...,%n )
—_———

distinct variables
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Pattern unification [Miller '91]

A decidable fragment of second-order unification.

Pattern restriction:

M( x1,...,%n )
——
distinct variables
3 unification algorithm [Miller '91]
o fails if no unifier
@ returns the most general unifier

o linear complexity [Qian '96]
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A generic algorithm for pattern unification

@ Parameterised by a custom notion of signature

o Categorical semantics

@ binding signatures

@ Ordered syntax

@ Intrinsic system F

See our preprint.
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Related work: algebraic accounts of unification

First-order unification Pattern unification

o Lattice theory [Plotkin '70]

o Category theory o Category theory
- [Rydeheard-Burstall '88] - [Vezzosi-Abel '14]
- [Goguen '89] normalised A-terms
- This work
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@ Pattern unification for pure A-calculus
@ Syntax
@ Unification algorithm

© Generalised binding signatures

© Categorical semantics
@ A case study: syntax of pure A-calculus
@ Generic pattern unification

@ Example: System F
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Pattern unification for pure A-calculus

Outline

@ Pattern unification for pure A-calculus
@ Syntax
@ Unification algorithm
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Pattern unification for pure A-calculus

Outline

@ Pattern unification for pure A-calculus
@ Syntax
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Pattern unification for pure A-calculus

Syntax (De Bruijn levels)

Metavariable context (M : mq,...)
=
MF: n Ht
~—

Variable context

ISISnVAR nkt r;nFuAPP Mn+1kHt¢t
nk v nkEtu I nE At

(M:m)yeTl 1<it,....,in<n i1,...imdistinctF
Fnk M(vig, ..., vi,)

LEX

No (/n-equation.
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Pattern unification for pure A-calculus
Metavariable substitution

r
Substitution o from (My : mq,..., M, : mp) to A:

(01,...,O'p) s.t. A;m; & oo;

M,'(Vl,. o Vm,-) = O

A. Lafont, N. Krishnaswami Generic pattern unification



Pattern unification for pure A-calculus
Metavariable substitution

r
Substitution o from (My : mq,..., M, : mp) to A:

(01,...,O'p) s.t. A;m; & oo;

M,'(Vl, 500 Vm,-) = Oj

v

Term substitution

nEt —  A;nk t[o]

Base case:

Mi(x1, ..., Xm;) = oi[vj = Xj]
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Pattern unification for pure A-calculus

Outline

@ Pattern unification for pure A-calculus

@ Unification algorithm
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Pattern unification for pure A-calculus

Unification algorithm

mput output

I'I—t—u a

r()l—tu

o:T = Ast. tlo] = ulo]
most general unifier
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Pattern unification for pure A-calculus
Examples

MM:2F M(x,y)=x= (M(v1,v2) = vy) 1T

MM:2F M(x,y) =y = (M(v1,v) — w) 4T
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Pattern unification for pure A-calculus

Impossible cases

FrEXt=u =141

\

formal "error" context

formal "error" substitution
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Pattern unification for pure A-calculus
Congruence

Ft=u=0-A
EXt=Au=0-4A

NrE"ti,b=uw" =oc4A
lFtibhb=unyw=>0c1A
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Pattern unification for pure A-calculus
Unifying lists of terms

o:T = A st tlo] = o]
most general unifier
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Pattern unification for pure A-calculus

Sequential unification

Nt =wu = o1 44 Alkt_z'[(fl]zu_é[(fl]é024A2
FFtl,ﬁzul,u3:020014A2

U-SpPLIT
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Pattern unification for pure A-calculus
-\ !

Unifying a metavariable M(X)

Three cases

@ M(X) = M(y)
@ M(E)=...M®)...

Q@ M(x) L yand M ¢ u (non-cyclic)

Generic pattern unification
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Pattern unification for pure A-calculus

Unifying a metavariable with itself

Most general unifier

P = vector of common positions: (X, ;... Xp. ) = (Vp,s---+Yp,)

o M(vi, .. Vvm) = N(vpys e vp,)
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Pattern unification for pure A-calculus
Unifying a metavariable with itself

?
M(Xl,"'vxm):M(yla--'vym) J

Most general unifier

P = vector of common positions: (X, ;... Xp. ) = (Vp,s---+Yp,)

o M(vi, .. Vvm) = N(vpys e vp,)
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Pattern unification for pure A-calculus
Deep cyclic case

No unifier

M) =...MF)...= 11
—_ ——

sizes cannot match after substitution
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Pattern unification for pure A-calculus

Non-cyclic case

M(Z) < u (M ¢ u) (1))
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Pattern unification for pure A-calculus
Non-cyclic case

ME) L u (M ¢ u) (1)

Most general unifier

(1) as the definition of M:

o M(vi,...,vm) = ulxi — vi]
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Pattern unification for pure A-calculus
Non-cyclic case
- !
M(X) = u (M ¢ u) (1)

Most general unifier

(1) as the definition of M:

o M(vi,...,vm) = ulxi — vi]

fv(u) C X

M(x) L y has no unifier (x # y)
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Pattern unification for pure A-calculus

Pruning

What about M(x) = N(x,y)?

Most general unifier

N(vi, v2) — M(v1)
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Pattern unification for pure A-calculus
Pruning

What about M(x) L N(x,y)?
u

Most general unifier

N(vi, v2) — M(v1)

e Side-condition fv(u) C X is too pessimistic.
@ Can be enforced by restricting metavariable arities in u.

N(x,y) 20 N/(x)
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Pattern unification for pure A-calculus
Non-cyclic phase

MNe ui> M(X :>w,04A

M(n)ku \ o:f =4
pruning substitution

M:mé¢rl nkEX
A;mbEw

Formal meaning

(o, M(v1,...,Vm)— w) = most general unifier for M(X) =
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Pattern unification for pure A-calculus
Pruning a variable

y¢Xx

VAR-FAIL
Ny :>MX)=5L14L

M= x > M()?) = v idr 14T
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Pattern unification for pure A-calculus
Pruning a metavariable

?

M(R)L N)  (M#N) )

Most general unifier

I, ¥ = vectors of common value positions:
(s o0 Xt ) = Vs - <5 Vi)

Then,
M(vi,...,Vvm) = P(vi,...,v,)

N(vi,...,va) = P(Vy, ..oy V)
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Pattern unification for pure A-calculus
Pruning a metavariable

?

M(x)=N(y)  (M#N)

M

Most general unifier

I, ¥ = vectors of common value positions:
Xty x1,) = Voo o5 Vi)
Then,
M(vi,...,Vvm) = P(vi,...,v,)

N(vi,...,va) = P(Vy, ..oy V)

M(x,y) = N(z,x) =  M(v1,w)— P(wn1)
N(Vl, V2) — P(Vg)
M(x,y) = N(z) = M(v1,w),N(v1) — P
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Pattern unification for pure A-calculus
Pruning operations

o(f) £ M(X) (M¢T)

Divide & Conquer: a fresh metavariable for each argument.
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Pattern unification for pure A-calculus
Pruning operations

o(f) £ M(X)  (M¢T) I

Divide & Conquer: a fresh metavariable for each argument.

bound variable
-~
M=t:> M(X,Vpt1) = w0 4 A

M = M’
MEAt:> M(X) = Aw;0 1A

"TEtu:> Mi(X), Ma(X) = wi, wo;0 4 A"
F=tu:>MKX) = w wo;0 1A

M = M; My
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Pattern unification for pure A-calculus

Non-cyclic unification of multi-terms

(M;:m;) ¢T o: = A

Formal meaning

(o, Mi(vi,...,Vm;) = w;) = most general unifier for

2

Mi(%1), ... Mp(Xy) = u1, ..., up
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Pattern unification for pure A-calculus

Sequential non-cyclic unification

Mt o> Mi(R) = u,00 401 AL Boy] ©> My = ;00 4 A
[+ t1, t; > Ml()?), MQ = u1[02],u_§;o’1[02] - A2
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Generalised binding signatures

Outline

© Generalised binding signatures
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Generalised binding signatures
Parameterisation by a signature

Binding signature for pure A-calculus

app : (0,0) abs : (1)

R

number of bound variables in the argument
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Generalised binding signatures

Example: M(X) < o(t), non-cyclic

bound variables

TEE:> Mi(R,Vart, - Vnridoy)s - -s Mp(-..) = ;0 4 A

[ Fo(t) :> M(X) = o(id);0 4 A
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Generalised binding signatures
Generalised binding signatures

Generalised binding signatures = our notion of signature for
syntax with (pattern-restricted) metavariables.

@ (Simply-typed) binding signatures

@ Linearly ordered A-calculus

@ Intrinsic System F
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Generalised binding signatures
Pruning operations

> Mi(xE), ..., My(x0)= G0 4A o= 0{x}
[ o(t) :> M(x) = o(i);0c 4 A

o#...{x}
FEo(t):> M(x)= ;141

P-Ric

P-FaAIL
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Categorical semantics

Outline

© Categorical semantics
@ A case study: syntax of pure A-calculus
@ Generic pattern unification
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Categorical semantics

Outline

© Categorical semantics
@ A case study: syntax of pure A-calculus
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Categorical semantics
Pure A-calculus as a functor

category of finite cardinals and injections between them

/

Pure A-calculus as a functor A : F,, — Set

Np=A{t]|nkt}

injective renaming

—_——
M(3)[o] = om [vi = xi]
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Categorical semantics
Pure A-calculus as a fixpoint

/\,,%{vl,...,vn}—l—/\,,x/\,,—k /\n+1 |
N——— N—— N

variables application  abstraction

In fact,

A = uX.F(X)

7

Initial algebra of the endofunctor F on [Fp,, Set]

F(X)n={vi,.. ., v} + Xp x Xy + Xnp1
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Categorical semantics
Pure A-calculus extended with a metavariable M : m

AM:m — £t | M om;nF t}
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Categorical semantics
Pure A-calculus extended with a metavariable M : m

AM:m — £t | M om;nF t}
As an initial algebra:

metavariables
AM:m — uX.(F(X)+ argM )

operations / variables

=T (arg™)

free monad generated by F
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Categorical semantics
Pure A-calculus extended with a metavariable M : m

arg™ P, — Set

argM,, = { M-arguments in the variable context n}
= {choice of m distinct variables in the context n}
= Inj(m, n)

= homg, (m, n) = ym,
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Categorical semantics
Pure A-calculus extended with a metavariable M : m

arg™ P, — Set

argM,, = { M-arguments in the variable context n}
= {choice of m distinct variables in the context n}
= Inj(m, n)

= homg, (m, n) = ym,
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Categorical semantics
Pure A-calculus with metavariables

Given a metavariable context I, define

::Hym

(M:m)erl

(|

T(T),={t|T;nkt} |
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Categorical semantics
Unification as a Kleisli coequaliser

Claims!:
@ hom(yn, TT) = set of terms in context [; n.
@ hom(I, TA) = set of metavariable substitutions ' — A.

. . t
@ Most general unifier of t, u: coequaliser of yn—= TI
u

in MCon(F) C KI(T).

Objects: [ A,...

MCon(F)° is a "non-free" Lawvere theory

well-known in the first-order case (‘free’ Lawvere theories).
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Categorical semantics

Outline

© Categorical semantics

@ Generic pattern unification
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Categorical semantics
Endofunctor generated by a signature

A GB-signature (A, O, «) generates an endofunctor on [A, Set] of
the shape
F(X)a= J[ Xox-xXs,
0€0n(a)

Let T denote the free monad generated by F.
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Categorical semantics
Endofunctor generated by a signature

A GB-signature (A, O, «) generates an endofunctor on [A, Set] of
the shape
F(X)a= J[ Xox-xXs,
0€0n(a)

Let T denote the free monad generated by F.

M;,akt means teT(T ),
~~ ~—
My:my,...,M,: my ymy + -+ ym,
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Categorical semantics
Generic unification algorithm

@ All morphisms in A are mono (pattern restriction)
@ A has equalisers and pullbacks (Cf F,)
@ If X : A — Set preserves them, then F(X) also does.

Claim: A coequaliser diagram in MCon(F) has a colimit as soon
as there exists a cocone (i.e., a ‘unifier’).
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Categorical semantics
Generic unification algorithm

@ All morphisms in A are mono (pattern restriction)
@ A has equalisers and pullbacks (Cf F,)
@ If X : A — Set preserves them, then F(X) also does.

Claim: A coequaliser diagram in MCon(F) has a colimit as soon
as there exists a cocone (i.e., a ‘unifier’).

Getting rid of partiality

Equivalent claim:

MCon, (F) has coequalisers.

—_——
MCon(F) extended with a free terminal object L
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Categorical semantics
Generic unification algorithm

@ All morphisms in A are mono (pattern restriction)
@ A has equalisers and pullbacks (Cf F,)
@ If X : A — Set preserves them, then F(X) also does.

Claim: A coequaliser diagram in MCon(F) has a colimit as soon
as there exists a cocone (i.e., a ‘unifier’).

Getting rid of partiality
Equivalent claim:

MCon, (F) has coequalisers.

—_——
MCon(F) extended with a free terminal object L

Proof: By describing a unification algorithm, constructing
coequalisers in MCon | (F).
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Categorical semantics
Interpreting the unification statements

lFt=u=0c4A & -ﬁF77>A coequaliser

|
lrEFt>f=v,e 1A < ti Iv pushout
r

mostly used in MCon(F).
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Soundness of U-SPLIT [Rydeheard-Burstall '88]

M-t =wu =01 414 AlFt2[01]2U2[01]=>02—|A2
U-SpLIT
Ft,to =u1,up = 0p001 1A
Diagramatically,
t1 / \
Al T 2T -2 A 1 -2 Ay

"1 \/

tlvt 0001
Ar+A—=T-=>A

U17U2
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Categorical semantics
Soundness of U-FLEXFLEX

bFx=y=2z-cin A°
M:bk M(x)=M(y)=Mw— M(z)4AM :c

U-FLEXFLEX

Diagrammatically,

a—=b-Z>c in A%
y
Lx Lz .
La—= Lb-"=>Lc in MCon(F)
Ly
where
X L: A°° — MCon(F "M(x)"
a=>b A on(F) ya M) T(M_: b)
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Categorical semantics
Soundness of U-NOCYCLE

M ¢ u MN-u:>M(x)=w,oc4A

U-NoCyc
M:mEMKx) =u=o0,M—wdA YOLE

Diagrammatically,

ul : w pushout

”M(V iy
[w,o]

ya MN+yb-->A coequaliser
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System F

Outline

@ Example: System F
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System F
Types

nk T type & the type 7 is wellformed in context n
1<i< 1F7t
S=r=n TYPE-VAR n+ 1T type FORrALL
nt n; type n V1 type

nt 1, type
1,72 P ARROW

nk 71 — 1 type
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System F
Metavariable arities

Metavariable application

type variables "ground" variables

M(oa,...,0p| Xi,...,Xq )
p - 7i type
M : (p| (T F 7¢)
~———

input argument types

number of type variable arguments

output type
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System F
Signature for System F

Objects of A are of the shape n|7 F of

’ Typing rule | Op(nlgF7)=11I... | ao=(...)
x:Ttel
= st i %
nlEx:r lvist i€lol} 0
nffrtt:7 =7 nlku:7 {a, s.t. ng =1 =71
nfr-tu:r nt 7’ type} nlgd — 7’
nlf,x:mkEt:m {ls 7, s.t. -
nl=Xx.t:m=mn T=(nn=m)} (nd, 71 = 7)
nfrEt:vmn mes, {Ar 7, s.t. -
nlEt-m ] T =711} (nlg = ¥n)

n+1lwk(NkFt:r
n|l = At :Vr

{Ast. T =V1"}

(n+ 1jwk(d) — ')

A. Lafont, N. Krishnaswami
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System F
Unification in system F: an example

Most general unifier

M(n1,...,mplv1, ... vm) — N(¥|Z)

where 7 and Z are vectors of common positions

Generic pattern unification
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Summary
Future directions

@ Mecanisation (needs rephrasing using structural recursion)
@ Dependent types

@ Unification modulo reduction
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Typing rule for metavariables

Typing judgement

Type variable context Types of variables
=~
r ; n | t1,... tm Fuc:tr
Metavariable context nkt; type
Typing metavariables
distinct distinct
—_—— — =
0<0q,...,ap<n 0<X1,...xg<m Ti[d] = ty,
M (plma,. .o TqE76) s nlty, .t = M(_ A [X) @ 7¢[d]
type variables

A. Lafont, N. Krishnaswami Generic pattern unification



	Pattern unification for pure -calculus
	Syntax
	Unification algorithm

	Generalised binding signatures
	Categorical semantics
	A case study: syntax of pure -calculus
	Generic pattern unification

	Example: System F
	Summary
	Appendix

