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Let R: %4 — 2 be a functor.

I ctx T: =T
Ar ctx Rt : R — RI"
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Let R: € — % be a CwF morphism.

I ctx T:r—=r I+ Ttype Fr=t: T
AT ctx Rt:RT — Al AT - AT type RC - Rt: AT
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Let R: € — % be a CwF morphism.

I ctx T:r—=r I+ Ttype Fr=t: T
RI ctx Rt: R — Rl ARl = RT type RI'+Rt: RT
Ok, so how do we check
?
A F RTtype
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Let R: € — % be a CwF morphism.

I ctx T:r—=r I+ Ttype Fr=t: T
RI ctx Rt: R — Rl ARl = RT type RI'+Rt: RT
Ok, so how do we check
?
A F RTtype

We check I' - Ttype and substitute with o : A — RI.
BUT: Don'’t bother the user. Synthesize ' and ©.
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Let R: € — % be a CwF morphism.

I ctx T:r—=r I+ Ttype Fr=t: T
RI ctx Rt: R — Rl ARl = RT type RI'+Rt: RT
Ok, so how do we check
?
A F RTtype

We check I' - Ttype and substitute with o : A — RI.
BUT: Don'’t bother the user. Synthesize ' and ©.

[ € ¥ should be the universal context [ such that o : A — RI exists.
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Let R: € — % be a CwF morphism.

I ctx T:r—=r I+ Ttype Fr=t: T
RI ctx Rt: R — Rl ARl = RT type RI'+Rt: RT
Ok, so how do we check
?
A F RTtype

We check I' - Ttype and substitute with o : A — RI.
BUT: Don'’t bother the user. Synthesize ' and ©.

[ € € should be the universal context [ such that o : A — RI exists.
l.e.if o’ : A — RI"’ then we should have I — I".
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Let R: € — % be a CwF morphism.

I ctx T:r—=r I+ Ttype Fr=t: T
RI ctx Rt: R — Rl ARl = RT type RI'+Rt: RT
Ok, so how do we check
?
A F RTtype

We check I' - Ttype and substitute with o : A — RI.
BUT: Don'’t bother the user. Synthesize ' and ©.

I" € € should be the universal context LA such that na : A — RLA exists.
le.if o’ : A — RI"’ then we should have LA — .
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Let R: € — % be a CwF morphism.

I ctx T:r—=r I+ Ttype Fr=t: T
RI ctx Rt: R — Rl ARl = RT type RI'+Rt: RT
Ok, so how do we check
?
A F RTtype

We check I' - Ttype and substitute with o : A — RI.
BUT: Don'’t bother the user. Synthesize ' and ©.

I" € € should be the universal context LA such that na : A — RLA exists.
le.if o’ : A — RI"’ then we should have LA — .

+ some sensible laws ~ L - R.
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Multimodal TT (MTT)

MTT is parametrized by a 2-category:
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Multimodal TT (MTT)

MTT is parametrized by a 2-category:
@ modesp,q,r,...

Semantics:

@ [p] is a (often presheaf) category modelling all of DTT,
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Multimodal TT (MTT)

MTT is parametrized by a 2-category:
@ modesp,q,r,...
@ modalities 1L : p— q

I ctx r.&, - Ttype r&-t:T
r,&,ctx ME{(u| T)type M=mod, t:(u|T)

Semantics:

@ [p] is a (often presheaf) category modelling all of DTT,
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Multimodal TT (MTT)

MTT is parametrized by a 2-category:
@ modesp,q,r,...
@ modalities 1L : p— q

I ctx r.&, - Ttype r&-t:T
r,&,ctx ME{(u| T)type M=mod, t:(u|T)

Semantics:
@ [p] is a (often presheaf) category modelling all of DTT,
e [u] is a (weak) dependent right adjoint (DRA) to [@,].
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Multimodal TT (MTT)

MTT is parametrized by a 2-category:
@ modesp,q,r,...
@ modalities 1L : p— q

I ctx r.&, - Ttype r&-t:T
r,&,ctx ME{(u| T)type M=mod, t:(u|T)
° a:f=v

Semantics:
@ [p] is a (often presheaf) category modelling all of DTT,
o [u] is a (weak) dependent right adjoint (DRA) to [@,].
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Multimodal TT (MTT)

MTT is parametrized by a 2-category:
@ modesp,q,r,...
@ modalities 1L : p— q

I ctx r.&, - Ttype r&-t:T
r,&,ctx ME{(u| T)type M=mod, t:(u|T)
° a:f=v

Semantics:
@ [p] is a (often presheaf) category modelling all of DTT,
o [u] is a (weak) dependent right adjoint (DRA) to [@,].

Note: If codomain & is democratic, then DRA = right adjoint that is a CwF morphism.
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“A more serious and mathematical issue is that MTT requires all modalities
to be right adjoints, semantically, because you have to have some operation
to interpret the locking functors on contexts.

This seems a serious
restriction on the kinds of situations we can model.”

— Mike Shulman,
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“A more serious and mathematical issue is that MTT requires all modalities
to be right adjoints, semantically, because you have to have some operation
to interpret the locking functors on contexts.

This seems a serious
restriction on the kinds of situations we can model.”

— Mike Shulman,

@ Valid concern: We can internally prove that MTT modalities preserve limits,
eg. (L[| AxB) = (u[A)x(u|B).
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“A more serious and mathematical issue is that MTT requires all modalities
to be right adjoints, semantically, because you have to have some operation
to interpret the locking functors on contexts.

This seems a serious

restriction on the kinds of situations we can model.”
— Mike Shulman,

@ Valid concern: We can internally prove that MTT modalities preserve limits,
eg. (L[| AxB) = (u[A)x(u|B).
@ User-friendly solution space seems empty: We need the left adjoint.
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Multimodal Adjoint Type Theory (MATT):

Categorically Adds locks to contexts
cofreely.
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Multimodal Adjoint Type Theory (MATT):

Categorically Adds locks to contexts
cofreely.

Morally BefinesHocksby-inductionon
These approximate the left
adjoint.
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Multimodal Adjoint Type Theory (MATT):

Categorically Adds locks to contexts
cofreely.

Morally BefinesHocksby-inductionon
These approximate the left
adjoint.

© (u | —) need not be a DRA.
© Subsumes MTT without
modifications.
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Multimodal Adjoint Type Theory (MATT):

Categorically Adds locks to contexts
cofreely.

Morally BefinesHocksby-inductionon
These approximate the left
adjoint.

© (u | —) need not be a DRA.

®© Subsumes MTT without
modifications.

® = We can still internally prove
that (i | —) preserves limits.
This is also assumed in the
model.
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Multimodal Adjoint Type Theory (MATT): Our solution (WIP):

Categorically Move to copresheaf category.
Categorically Adds locks to contexts
cofreely.

Morally BefinesHocksby-inductionon
These approximate the left
adjoint.

© (u | —) need not be a DRA.

®© Subsumes MTT without
modifications.

® = We can still internally prove
that (i | —) preserves limits.
This is also assumed in the
model.
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Multimodal Adjoint Type Theory (MATT): Our solution (WIP):
Categorically Move to copresheaf category.
Categorically Adds locks to contexts Morally Move to metaprogramming
cofreely. with continuations.
Morally Befinestocks-by-induction-on
These approximate the left
adjoint.
© (u | —) need not be a DRA.
© Subsumes MTT without
modifications.
® = We can still internally prove
that (i | —) preserves limits.
This is also assumed in the
model.
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Multimodal Adjoint Type Theory (MATT):

Categorically Adds locks to contexts
cofreely.

Morally BefinesHocksby-inductionon
These approximate the left
adjoint.

© (u | —) need not be a DRA.
© Subsumes MTT without
modifications.

® = We can still internally prove
that (i | —) preserves limits.
This is also assumed in the
model.
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Our solution (WIP):
Categorically Move to copresheaf category.
Morally Move to metaprogramming
with continuations.
© (i | —) does not need to:

@ be aDRA,
@ preserve limits,
@ or even be applicative.
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Multimodal Adjoint Type Theory (MATT): Our solution (WIP):
Categorically Move to copresheaf category.

Categorically Adds locks to contexts Morally Move to metaprogramming
cofreely. with continuations.
Morally Pefirestoeks-by-induetion-on © (i | —) does not need to:
syntactic-contextformation- @ be a DRA,
These approximate the left

@ preserve limits,
@ or even be applicative.

® Modifies MTT.

adjoint.
© (u | —) need not be a DRA.
© Subsumes MTT without
modifications.

® = We can still internally prove
that (i | —) preserves limits.
This is also assumed in the
model.
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Multimodal Adjoint Type Theory (MATT):

Categorically Adds locks to contexts
cofreely.

Morally BefinesHocksby-inductionon
These approximate the left
adjoint.

© (u | —) need not be a DRA.
© Subsumes MTT without
modifications.

® = We can still internally prove
that (i | —) preserves limits.
This is also assumed in the
model.
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Our solution (WIP):
Categorically Move to copresheaf category.
Morally Move to metaprogramming
with continuations.
© (i | —) does not need to:
@ be aDRA,
@ preserve limits,
@ or even be applicative.
® Modifies MTT.
® |In particular, (i | —) may not:
@ be a DRA,
@ preserve limits,
@ or even be applicative.
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Multimodal Adjoint Type Theory (MATT):

Categorically Adds locks to contexts
cofreely.

Morally BefinesHocksby-inductionon
These approximate the left
adjoint.

© (u | —) need not be a DRA.
© Subsumes MTT without
modifications.

® = We can still internally prove
that (i | —) preserves limits.
This is also assumed in the
model.
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Our solution (WIP):
Categorically Move to copresheaf category.
Morally Move to metaprogramming
with continuations.
© (i | —) does not need to:
@ be aDRA,
@ preserve limits,
@ or even be applicative.
® Modifies MTT.
® |In particular, (i | —) may not:
@ be a DRA,
@ preserve limits,
@ or even be applicative.

Great/Terrible!
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Presheaves:
Psh(%') = [¢°P, Set]
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Presheaves:
Psh(%') = [¢°P, Set]

Swap & curry Hom : 4°P x ¥ — Set
togety: % — Psh(%) : I — Hom(—,T)
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Presheaves:
Psh(%') = [¢°P, Set]

Swap & curry Hom : 4°P x ¥ — Set
togety: % — Psh(%) : I — Hom(—,T)

Functor F : ¢ — 2 yields
Fi 4 F* 4 F. : Psh(%) — Psh(2)
where F extends F:

¢ —F -9
b
Psh(%) " Psh(2)
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Presheaves: Copresheaves:
Psh(%) = [¢°P, Set] Copsh(%’) = Psh(¢°P)°®

Swap & curry Hom : 4°P x ¥ — Set
togety: % — Psh(%) : I — Hom(—,T)

Functor F : ¢ — 2 yields
Fi 4 F* 4 F. : Psh(%) — Psh(2)
where F extends F:

¢ —F -9
b
Psh(%) " Psh(2)
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Presheaves: Copresheaves:
Psh(%) = [¢°P, Set] Copsh(%’) = Psh(¢°P)°®
= [¥,Set]® = [¢°P, Set?]

Swap & curry Hom : 4°P x ¥ — Set
togety: % — Psh(%) : I — Hom(—,T)

Functor F : ¢ — 2 yields
Fi 4 F* 4 F. : Psh(%) — Psh(2)
where F extends F:

¢ —F -9
b
Psh(%) " Psh(2)
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Presheaves: Copresheaves:
Psh(%) = [¢°P, Set] Copsh(%’) = Psh(¢°P)°®
= [¥,Set]® = [¢°P, Set?]

Swap & curry Hom : 4°P x ¢ — Set Curry Hom®P : € x €°P — Set
togety: % — Psh(%) : I — Hom(—,I") togeth: % — Copsh(%) : I — Hom(I', —)

Functor F : ¢ — 2 yields
Fi 4 F* 4 F. : Psh(%) — Psh(2)
where F extends F:

¢ —F -9
b
Psh(%) " Psh(2)
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Presheaves:
Psh(%') = [¢°P, Set]

Swap & curry Hom : 4°P x ¥ — Set
togety: % — Psh(%) : I — Hom(—,T)

Functor F : ¢ — 2 yields
Fi 4 F* 4 F. : Psh(%) — Psh(2)
where F extends F:

¢ —F -9
b
Psh(%) " Psh(2)
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Copresheaves:
Copsh(%’) = Psh(¢°P)°®
= [¥,Set]® = [¢°P, Set?]

Curry Hom®P : € x €°P — Set
togeth : ¢ — Copsh(%) : I — Hom(I", —)
sending I to its copresheaf of continuations.
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Presheaves: Copresheaves:
Psh(%) = [¢°P, Set] Copsh(%’) = Psh(¢°P)°®
= [¥,Set]® = [¢°P, Set?]

Swap & curry Hom : 4°P x ¢ — Set Curry Hom®P : € x €°P — Set

togety: % — Psh(%) : I — Hom(—,I") togeth: % — Copsh(%) : I — Hom(I', —)
sending [ to its copresheaf of continuations.

Functor F : ¢ — 2 yields Functor F : € — & yields

Fi 4 F* 4 F, : Psh(¢) — Psh(2) Fo 4 F° - F; : Copsh(€) — Copsh(2)

where F extends F: where F; extends F:

€ F & F 9

1 )

Psh(%) ——= Psh(2) Copsh(%) —— Copsh(2)
F F
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Every functor is a left/right-relative left/right adjoint

Presheaves: Copresheaves:

Homgy(FA,T)
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Every functor is a left/right-relative left/right adjoint

Presheaves: Copresheaves:

Homgy(FA,T)
= yFA -yl
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Every functor is a left/right-relative left/right adjoint

Presheaves: Copresheaves:

Homgy(FA,T)
YFA — yl
FyA — yl

1R
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Every functor is a left/right-relative left/right adjoint

Presheaves: Copresheaves:

Homgy(FA,T)
YFA — yl
FyA — yl
yA — F*yl

121 11
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Every functor is a left/right-relative left/right adjoint

Presheaves: Copresheaves:

Homgy(FA,T)
YFA — yl
FyA — yl
yA — F*yl

121 11

Homy(—,A) — Homg(F—,I)
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Every functor is a left/right-relative left/right adjoint

Presheaves: Copresheaves:

Homgy(FA,T)
YFA — yl
FyA — yl
yA — F*yl

121 11

Homy(—,A) — Homg(F—,I)

This is a left-relative adjunction:
Fy4F*y
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Every functor is a left/right-relative left/right adjoint

Presheaves: Copresheaves:
Homgy (FA,T) Homgy (I, FA)

= yFA -yl

=~ FRyA —yl

= yA— Fyl

Homy(—,A) — Homg(F—,I)

This is a left-relative adjunction:
Fy4F*y
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Every functor is a left/right-relative left/right adjoint

Presheaves: Copresheaves:
Homgy (FA,T) Homgy (I, FA)

= yFA -yl 2 hl = hFA

=~ FRyA —yl

= yA— Fyl

Homy(—,A) — Homg(F—,I)

This is a left-relative adjunction:
Fy4F*y
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Every functor is a left/right-relative left/right adjoint

Presheaves: Copresheaves:
Homgy (FA,T) Homgy (I, FA)

= yFA -yl = hl - hFA

= yA— Fyl

Homy(—,A) — Homg(F—,I)

This is a left-relative adjunction:
Fy4F*y
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Every functor is a left/right-relative left/right adjoint

Presheaves: Copresheaves:
Homgy (FA,T) Homgy (I, FA)

= yFA -yl = hl - hFA

= yA— Fryl 2  F°hl — hA

Homy(—,A) — Homg(F—,I)

This is a left-relative adjunction:
Fy4F*y
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Every functor is a left/right-relative left/right adjoint

Presheaves: Copresheaves:
Homgy (FA,T) Homgy (I, FA)

= yFA -yl = hl - hFA

= yA— Fryl 2  F°hl — hA

Homy(—,A) — Homg(F—,I)

Homg(A,—) — Homg (I, F—)

This is a left-relative adjunction:
Fy4F*y
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Every functor is a left/right-relative left/right adjoint

Presheaves: Copresheaves:
Homgy (FA,T) Homgy (I, FA)

= yFA -yl = hl - hFA

= yA— Fryl 2  F°hl — hA

Homy(—,A) — Homg(F—,I)

Homg(A,—) — Homg (I, F—)

This is a left-relative adjunction: This is a right-relative adjunction:
Fy4F*y F°h = F
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Every functor is a left/right-relative left/right adjoint

Presheaves: Copresheaves:
Homgy (FA,T) Homgy (I, FA)

= yFA -yl = hl - hFA

= yA— Fryl 2  F°hl — hA

Homy(—,A) — Homg(F—,I)

Homg(A,—) — Homg (I, F—)

This is a left-relative adjunction: This is a right-relative adjunction:
Fy4F*y F°h = F

hr.@, t:(h|T)
MEmodht: (u|T)

where Hﬁ“ﬂ = [u]°
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As of this point,

things are going downbhill.

Thoughts & ideas appreciated.
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So surely, h is well-behaved?

hr,&@, ~t:(h|T)
MEmodfyt: (u|T)
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So surely, h is well-behaved?

hr,&@, ~t:(h|T)
MEmodfyt: (u|T)

In non-pathological situations:
@ his never a DRA,
@ h never preserves limits,
(h|AxB) S (h| A) x (h|B)
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So surely, h is well-behaved?

hr,&@, ~t:(h|T)
MEmodfyt: (u|T)

In non-pathological situations:
@ his never a DRA,
@ h never preserves limits,
(h|AxB) S (h| A) x (h|B)
@ his never applicative.
(h|A)yx(h|A—=C)-=» (h|Ax(A— C))
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So surely, h is well-behaved?

hr,&@, ~t:(h|T)
MEmodfyt: (u|T)

In non-pathological situations:
@ his never a DRA,
@ h never preserves limits,
(h|AxB) Zs (h|A) x (h|B)
@ his never applicative.
(h|A)yx(h|A—=C)-=» (h|Ax(A— C))
~ his an MTT-unsupportive sediment.
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So surely, h is well-behaved?

_ To use a variable:
hr,ﬂu Ft:(h|T)

MEmodfyt: (u|T)

h(T,vix:T),@,F?:(h|T)
Mvix: Tl—modZ?:(u\ﬂ

In non-pathological situations:
@ his never a DRA,
@ h never preserves limits,
(h|AxB) S (h| A) x (h|B)
@ his never applicative.
(h|A)yx(h|A—=C)-=» (h|Ax(A— C))
~ h is an MTT-unsupportive sediment.
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So surely, h is well-behaved?

_ To use a variable:
hr,ﬂu Ft:(h|T)

MEmodfyt: (u|T)

h(T,vix:T),@,F?:(h|T)
Mvix: Tl—modZ?:(u\ﬂ

In non-pathological situations: we need

@ his never a DRA,

@ h never preserves limits, phv—h
(h|AxB) S (h|A)x (h|B) = hv=ieh
. _— = hv—hu
@ his never applicative.
(h|A)yx (h|A— C) - (h| Ax (A= C)) = Vi

~ his an MTT-unsupportive sediment. which is clean.

Andreas Nuyts and Josselin Poiret Every Modality is a Relative Right Adjoint



So surely, Copsh(%) is well-behaved?

Copsh(%) is a CwF.
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So surely, Copsh(%) is well-behaved?

Copsh(%) is a CwF.

Giraud CwF structure [Gir65, BCMMPS20]

Every category & with T and pullbacks is a
CwF:

@ Contexts and substitutions: &
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So surely, Copsh(%) is well-behaved?

Copsh(%) is a CwF.

Giraud CwF structure [Gir65, BCMMPS20]

Every category & with T and pullbacks is a
CwF:

@ Contexts and substitutions: &
o TeTy(lN):
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So surely, Copsh(%) is well-behaved?

Copsh(%) is a CwF.

Giraud CwF structure [Gir65, BCMMPS20]

Every category & with T and pullbacks is a
CwF:

@ Contexts and substitutions: &
o TeTy(lN):

A/

l

O——I——A

@ Substitution
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So surely, Copsh(%) is well-behaved?

Copsh(%) is a CwF.

Giraud CwF structure [Gir65, BCMMPS20]

Every category & with T and pullbacks is a
CwF:

@ Contexts and substitutions: &
o TeTy(lN):

[T A

o

O——I——A

@ Substitution

@ Context extension
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So surely, Copsh(%) is well-behaved?

Copsh(%) is a CwF. However, Copsh(%’) has:

Giraud CwF structure [Gir65, BCMMPS20] @ No l-types!
So no library functions!

Every category & with T and pullbacks is a
CwF:

@ Contexts and substitutions: &
o TeTy(lN):

[T A

o

O——I——A

@ Substitution

@ Context extension
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So surely, Copsh(%) is well-behaved?

Copsh(%) is a CwF. However, Copsh(%’) has:

Giraud CwF structure [Gir65, BCMMPS20] @ No l-types!
So no library functions!

Every category & with T and pullbacks is a

CwF: ®
@ Contexts and substitutions: &
o TeTy(lN):
[T o A

o

O——I——A

@ Substitution

@ Context extension
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So surely, Copsh(%) is well-behaved?

Copsh(%) is a CwF. However, Copsh(%’) has:

Giraud CwF structure [Gir65, BCMMPS20] @ No l-types!
So no library functions!

Every category & with T and pullbacks is a
CwF: ©

@ Contexts and substitutions: &

i ?
o TeTy(r): ® No universe?

[T A

o

O——I——A

@ Substitution

@ Context extension
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So surely, Copsh(%) is well-behaved?

Copsh(%) is a CwF. However, Copsh(%’) has:

Giraud CwF structure [Gir65, BCMMPS20] @ No l-types!
So no library functions!

Every category & with T and pullbacks is a

CwrF: ©
@ Contexts and substitutions: & ® No un )
o TeTy(r): 0 universe?
FTT A Possible solution:
. l Move to Psh(Copsh(%)).
Y

O——I——A

@ Substitution

@ Context extension
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So surely, Copsh(%) is well-behaved?

Copsh(%) is a CwF. However, Copsh(%’) has:

Giraud CwF structure [Gir65, BCMMPS20] @ No l-types!
So no library functions!

Every category & with T and pullbacks is a

CwrF: ©
@ Contexts and substitutions: & ® No un )
o TeTy(r): 0 universe?
FTT A Possible solution:
. l Move to Psh(Copsh(%)).
Y

O——I—A
© This is 2LTT for Copsh(%).
@ Substitution

@ Context extension
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We do not always need copresheaves.

9

Homg,pen(#)(Ld, hc) = Homg(d, Re)
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We do not always need copresheaves.

It doesn’t have to be a relative right adjoint along h.

Copsh(%) &'
L J L
h € 1
Homcopsn(#) (Ld,hc) =2 Homgy(d, Re) Hom¢~(Ld,Jc) = Homgy(d, Rc)
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Container functors C PRAs C Right multi-adjoints C Relative right adjoints

Container functor
FY=%(s:S).(Ps—Y)
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Container functors C PRAs C Right multi-adjoints C Relative right adjoints

Container functor
FY=%(s:S).(Ps—Y)

Parametric right adjoint (PRA)

Functor F: 4 — %
suchthat F/T: ¢ =¢/T - 9/FT
is right adjoint.
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Container functors C PRAs C Right multi-adjoints C Relative right adjoints

Container functor
FY=%(s:S).(Ps—Y)

Parametric right adjoint (PRA)

Functor F: 4 — %
suchthat F/T: ¢ =¢/T - 9/FT
is right adjoint.

Homgy (X, FY)
~ ¥ (f: Homg (X, FT)).Homg /rr((X,1),F/TY)
=5 (f:Homg(X, FT)).Homg(L(X,f),Y)
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Container functors C PRAs C Right multi-adjoints C Relative right adjoints

Container functor
FY=%(s:S).(Ps—Y)

(X — FY)
T(f: X — S).((x: X) x P(fx) = Y)

Parametric right adjoint (PRA)

Functor F: 4 — %
suchthat F/T: ¢ =¢/T - 9/FT
is right adjoint.

Homgy (X, FY)
~ ¥ (f: Homg (X, FT)).Homg k1 ((X,1),F/TY)
=5 (f:Homg(X, FT)).Homg(L(X,f),Y)

Andreas Nuyts and Josselin Poiret Every Modality is a Relative Right Adjoint



Container functors C PRAs C Right multi-adjoints C Relative right adjoints

Container functor Right multi-adjoint
FY=%(s:S).(Ps—Y) PRA without referring to T.
(X = FY) =

T(f: X — S).((x: X) x P(fx) = Y)

Parametric right adjoint (PRA)

Functor F: 4 — %
suchthat F/T: ¢ =¢/T - 9/FT
is right adjoint.

Homgy (X, FY)
~ ¥ (f: Homg (X, FT)).Homg k1 ((X,1),F/TY)
=5 (f:Homg(X, FT)).Homg(L(X,f),Y)
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Container functors C PRAs C Right multi-adjoints C Relative right adjoints

Container functor Right multi-adjoint
FY=%(s:S).(Ps—Y) PRA without referring to T.

(X—=FY)= — -
T(f: X — S).((x: X) x P(fx) = Y) Relative right adjoint

(g/
Parametric right adjoint (PRA) JT \
Functor F: 4 — % 1
suchthat F/T: ¢ ~%/T — 2/FT C—F=9
s riaht ad o,
's right adjoint Home(Ld, Jc) = Homg (d, Rc)

Homgy (X, FY)
~ ¥ (f: Homg (X, FT)).Homg k1 ((X,1),F/TY)
=5 (f:Homg(X, FT)).Homg(L(X,f),Y)
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Container functors C PRAs C Right multi-adjoints C Relative right adjoints

Container functor Right multi-adjoint
FY=%(s:S).(Ps—Y) PRA without referring to T.

(X—=FY)= — -
T(f: X — S).((x: X) x P(fx) = Y) Relative right adjoint

(g/
Parametric right adjoint (PRA) JT \
Functor F: 4 — % 1
suchthat F/T: ¢ ~%/T — 2/FT C—F=9
s riaht ad o,
's right adjoint Home(Ld, Jc) = Homg (d, Rc)

Homgy (X, FY)

~ ¥ (f: Homg (X, FT)).Homg k1 ((X,1),F/TY)
=5 (f:Homg(X, FT)).Homg(L(X,f),Y)

= HomCart(?f)(Hf:Homg(XA,FT)[L(Xv A1,[Y1)
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Container functor
FY=%(s:5).(Ps—Y)

Fs:S
Lp:Pstka:A

e (s,Ap.a):Z(s:S).(Ps— A)
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Container functor Parametric right adjoint (PRA)

FY=%(s:5).(Ps—Y) Functor F: ¢ — &
suchthat F/T : ¢ =€¢/T — 2/FT
is right adjoint.

Ns:8

_ _ Homgy (X, FY)
p:Psha:A = (- Homg (X, FT)).-Homyg r7 (X, ), F/TY)
e (s,Ap.a):Z(s:S).(Ps— A) ~ 5 (f:Homg(X,FT)).Homy (L(X,f),Y)

= Homcar(#) (I#:Hom,, (x,F 1) [L(X; )], [ Y])
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Container functor Parametric right adjoint (PRA)

FY=%(s:5).(Ps—Y) Functor F: ¢ — &
suchthat F/T : ¢ =€¢/T — 2/FT
is right adjoint.

Ns:8

_ _ Homgy (X, FY)
p:Psha:A = (- Homg (X, FT)).-Homyg r7 (X, ), F/TY)
e (s,Ap.a):Z(s:S).(Ps— A) ~ 5 (f:Homg(X,FT)).Homy (L(X,f),Y)

= Homcar(#) (I#:Hom,, (x,F 1) [L(X; )], [ Y])

I+ - (F | A)
Inspired by, but different from [GCKGB22].
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Container functor Parametric right adjoint (PRA)

FY=%(s:5).(Ps—Y) Functor F: ¢ — &
suchthat F/T : ¢ =€¢/T — 2/FT
is right adjoint.

Ns:8

_ _ Homgy (X, FY)
p:Psha:A = (- Homg (X, FT)).-Homyg r7 (X, ), F/TY)
e (s,Ap.a):Z(s:S).(Ps— A) ~ 5 (f:Homg(X,FT)).Homy (L(X,f),Y)

= Homcar(#) (I#:Hom,, (x,F 1) [L(X; )], [ Y])

MEs:(F|T)

I+ - (F | A)
Inspired by, but different from [GCKGB22].
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Container functor Parametric right adjoint (PRA)

FY=%(s:5).(Ps—Y) Functor F: ¢ — &
suchthat F/T : ¢ =€¢/T — 2/FT
is right adjoint.

Ns:8

_ _ Homgy (X, FY)
p:Psha:A = (- Homg (X, FT)).-Homyg r7 (X, ), F/TY)
e (s,Ap.a):Z(s:S).(Ps— A) ~ 5 (f:Homg(X,FT)).Homy (L(X,f),Y)

= Homcar(#) (I#:Hom,, (x,F 1) [L(X; )], [ Y])

MEs:(F|T)

/sta:A

I+ - (F | A)
Inspired by, but different from [GCKGB22].
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Container functor Parametric right adjoint (PRA)

FY=%(s:5).(Ps—Y) Functor F: ¢ — &
suchthat F/T : ¢ =€¢/T — 2/FT
is right adjoint.

Ns:8

_ _ Homgy (X, FY)
p:Psha:A = (- Homg (X, FT)).-Homyg r7 (X, ), F/TY)
e (s,Ap.a):Z(s:S).(Ps— A) ~ 5 (f:Homg(X,FT)).Homy (L(X,f),Y)

= Homcar(#) (I#:Hom,, (x,F 1) [L(X; )], [ Y])

MEs:(F|T)

/sta:A

I'Fmod-(s,a): (F|A)
Inspired by, but different from [GCKGB22].
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We want MTT for non-right-adjoint modalities:

@ Shulman has a (categorified) syntactie
solution for limit-preserving modalities.
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We want MTT for non-right-adjoint modalities:

@ Shulman has a (categorified) syntactie
solution for limit-preserving modalities.

@ There may be a semantic solution via
Copsh(%’) or Psh(Copsh(%)).
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We want MTT for non-right-adjoint modalities:
@ Shulman has a (categorified) syntactie
solution for limit-preserving modalities.
@ There may be a semantic solution via
Copsh(%’) or Psh(Copsh(%)).
@ We lack guidance from relevant

examples (most examples are at least
PRAs).

@ Unclear if usable.
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We want MTT for non-right-adjoint modalities:
@ Shulman has a (categorified) syntactie
solution for limit-preserving modalities.
@ There may be a semantic solution via
Copsh(%’) or Psh(Copsh(%)).
@ We lack guidance from relevant

examples (most examples are at least
PRAs).

@ Unclear if usable.

@ Does anyone need this generality?
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We want MTT for non-right-adjoint modalities:
@ Shulman has a (categorified) syntactie
solution for limit-preserving modalities.
@ There may be a semantic solution via
Copsh(%’) or Psh(Copsh(%)).
@ We lack guidance from relevant

examples (most examples are at least
PRAs).

@ Unclear if usable.

@ Does anyone need this generality?

Thanks!

Questions?
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