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EYE TRACKING

Reminder: What is it?



METHODS: EYE TRACKING
Eye-mind hypothesis
» An observation method to learn
= Where a person is looking (at any given time)
* |n which order a person is looking at a given stimulus
= How long a person is looking at one spot
> Eye trackers can be used
Stationary in a lab
= Mobile laptop setting
= Virtual Reality

(even as input modality)
=  With glasses: ,everywhere”
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PLAN YOUR STUDY: EYE TRACKING AN
rh I J

Metrics provided by an eye tracker

» Where a person is looking (at any given time) )
- Point-of-Gaze (Location)

» In which order a person is looking at a given stimulus
- Order of fixations analyses are

» How long or how often a person is looking at one spot possible for
L any set among
- Fixation counts
. the
- Visit counts .
participants

— Duration of fixation in an area-of-interest

» When and how often a person blinks - Blink rate

» How the eyes react with respect to stimulus conditions
- Pupil dilation, saccadic intrusions J

see [Poole&Ball: Eye Tracking in HCI and Usability Research: Current Status and Future Prospects]
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EYE TRACKING DATA v s o

For statistical analysis Wndormates

AO| duration (ma) 72%302

AOI duration (%) 100

Self-defined Sae m2) &

Areas of Interest (Aol) N
Respondent base 17

Fixation based metrics
Respondent ratwo (%) TR
% ® Revrt count 28

& - =

Foaton count 492
I(’i‘:'l“lr“' Concept TTFF AOH (mns) 164567
Dwell teme () 1643
R Dwell time (%) 19
“ hrst foation duratson (ms) 406

Saccade based metrics
Respondent ratswo (%) 041
Saccade count 46
Amplitude (deg) 12
Peak velocity (deg/s) 739
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VISUAL ANALYSIS TOOL
SU SIS TOOLS }I]\IU

Based on the data from an eye tracking experiment

» Eye tracking technology = close observation
= Gaze plots —

= Heat maps

=  Spotlight maps

®

=  Statistical data analysis: fixation count, visit count, ...
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TEXT OR IMAGE?

What we found out ... A
participant’
s gazeplot

= math-oriented (MATH)

= non-math-oriented people
(NO-MATH)

Visual
Structure

Math Literacy! <

6/28/2024 INTRO TO EYE TRACKING FOR MATH | PROF. DR. ANDREA KOHLHASE



ANL

- MATH LITERACY!

What is the general decoding
approach?



DECODING OF MATH EXPRESSIONS

A depth-first traversal of the operator tree

/(%/ ) W @
// | \ a/ \J'

W V!

N N, 2 N AN
pow @ @ exp | pow @ @ exp j3
/\, I\ /\\ /\_ I\ /1N
5§ o — A /‘\ /‘\ 5 & — A /Q‘z}\ 5 /@‘D\
[ @ nie s @ n/@ s

]

c1(8(x)) ™™ exp ( f
é(x)

z4(s)
S

n
< a(x) = 63(8(:::))—)'2 exp (j' i
é(x)

HNLD

Andrea Kohlhase, Michael Kohlhase, and Michael Flrsich: Visual Structure in Mathematical Expressions, 2017
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DECODING OF MATH EXPRESSIONS AN
rh I J

A depth-first traversal of the operator tree

/ 1 (5(2)) % exp ([ zl(s)ds)
5

S

(x)

Andrea Kohlhase, Michael Kohlhase, and Michael Flrsich: Visual Structure in Mathematical Expressions, 2017
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DECODING OF MATH EXPRESSIONS AN
rh I J

A depth-first traversal of the operator tree

Andrea Kohlhase, Michael Kohlhase, and Michael Flrsich: Visual Structure in Mathematical Expressions, 2017
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DECODING OF MATH EXPRESSIONS AN
rh I J

A depth-first traversal of the operator tree

Andrea Kohlhase, Michael Kohlhase, and Michael Flrsich: Visual Structure in Mathematical Expre. s, 2017
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DECODING OF MATH EXPRESSIONS AN
rh I J

A depth-first traversal of the operator tree
n
c:l(rS(x])f'11 exp (f Zlgs)ds)
S J 8(x)

- The compositional

approach of decoding
Is a math practice!

Andrea Kohlhase, Michael Kohlhase, and Michael Flrsich: Visual Structure in Mathematical Expressions, 2017
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SCOPE OF
MATH LITERACY?

Is math literacy limited to
math expressions?



DECODING OF MATH/TECH DOCUMENTS N I \I U
ry T )

Participants were asked to read a text and write a summa

1 Radioactive Decay

Background In September 1991 the famous Iceman [_'l;.)tzi_}._ a mummy from
the Neolithic period of the Stone Age found in the ice of the Otztal Alps (hence
the name Otzi) in Southern Tyrolia near the Austrian-Italian border, caused a
scientific sensation.

Problem When did Otz approximately live and die if the ratio of carbon
sC! to carbon zC'? in this mummy is 52.5%7

B 2 . 4 &
Physical Information In the atmosphere and in living organisms, the ratio | W : L S l
of radicactive ¢! (made radicactive by cosmic rays) to ordinary ¢C'2 is con- ' "
stant. When an organism dies, its absorption of ;O by breathing and eating Biomechanical/Electrical

terminates. Hence one can estimate the ape of a fossil by comparing the radi- . .

oactive carbon ratio in the fossil with that of the atmosphere. To do this one Englneerlng Prog ram at
ds to know the half-life of ;€. which is 5715 years. i

needs to know the e of & which 15 5715 vear SWU, Thalland

'[Su]utiun Radioactive decay is gm*{rrm:d\h' the ODE y = ky. By separation
and integration (where t 1s time and yy is the initial ratio of ;O to 5C'2)

Understanding Levels:
= LOW

n’y ) T ) . Fel
7 = kdt, Inly| =kt §ec, Y= o€ = HIGH

Next we use the half-hfe H = 5715 to defermine k. When ¢ = H, half of the Taweechai Ouypornkochagorn: Discourse Phenomena in Math Documents, 2018
Wiginal substance is still present, thus

L beite LI SiriS . In0.5 (1.693 R T s




DECODING OF MATH/TECH DOCUMENTS h\l U

Participants were asked to read a text and write a summary ¥

(48 N

=@ Injy®® +c, =8 | — Reading flow:
y
1. Local regressions wrt. to
Next we use the half-life H = 5715 to deter equation in focus

J o : : i Identifier declarations
original substance 1s still present, thus

. Deriving equations
P e
20 " iii. Justifications

Qjeﬂ'” = ?‘-5}’0' w7 =\, /k 2. Non-local regressions

Andrea Kohlhase, Michael Kohlhase, and Taweechai Ouypornkochagorn: Discourse Phenomena in Math Documents, 2018
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INLY
MATH

COMPETENCY?

Does math literacy vary with math
competency?



DECODING OF MATH/TECH DOCUMENTS X I \I U
y T )

Summary quality - understanding level 2> math competenc

Solution Radioactive decay is governed by the ODE ¢’ = ky. By separation
and integration (where t is time and yp is the initial ratio of C to sC'12)
dy ket
Eq 1 > l—:kda‘. In|y| = kt +c, y=1yoe < Eq 1.3
Y
Next we use the half-lite H = 5715 to determine k. When t = H, half of the
original substance is still present, thus

, _ _ _ In0.5 0.693 e
Eq.2 - voekH = 05y0.  H =05, k= T" =5 = 00001213« Fq. 2.3

Finally, we use the ratio 52.5% for determining the time ¢ when Otz died
(actually was killed),

_— In0.525
kt _ ,—0.0001213t _ ) 59t = — £21¢
Eq 3 > ¢ c 0.525, t —0.0001513 5312

-~

— Eq. 3.2

Andrea Kohlhase, Michael Kohlhase, and Taweechai Ouypornkochagorn: Discourse Phenomena in Math Documents, 2018
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DECODING OF MATH/TECH DOCUMENTS I \I U
y]'

Summary quality - understanding level 2> math competenc

6/28/2024

Solution

Radioactive decay 1s governed liet-suion)DE yinine11y. By separation and Rt

integration (where ¢ is time and Y, is the initial ratio of ;C** to (C*?)

Suppleméntary Note:
E%}Yl 976112 ZEq»l:—iZ'»l:Eq-—l»ZAEq»l»Z-Z:’ Eq.}.g.l‘.iq;‘gi_l_;_'f empty-1 €~ Whlte SpaCe was
used quite a lot

Next we use the half—llfe e etermine k. When .rir=22"half of the
text-solution-2

original substance is present, tnus

iy - In0.5 0.693 L
(Eq-2-1-1) (Eq-2-1 Eq-21-2 - £q-2-2-179-2Fq-2-2-2 Eq-2-3-1 = TEq-2-3-27 =— T (Eq2333]7 — — 0.(233213.
. - Iy | )7 {3 69

Finally, we use the ration 52.5% for determining the time t when Otzi died
. text-solution-3
(actually was killed), B

. S o _ | In0.525 e o
€311 = @ “Eq g3l = Cdisplay-bg-313F = ——Eq37rq32— = DEq31s Answer: tet-solution-4 2arS a0
—0.0001z13

Andrea Kohlhase, Michael Kohlhase, and Taweechai Ouypornkochagorn: Discourse Phenomena in Math Documents, 2018
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MATH COMPETENCY
c c fI' U

Normalized Visit duration per understanding level

Understanding
Levels:

= LOW 7
= HIGH d),

Relative Visit Duration wrt. Comprehension Level

50

just sligthly higher 23
HIGH ~ LOW:— |0 |I I
Visit duration | R B NIEIR HE

Eq-1 Eq-2 tq Eg-1-1 Eg-1-2 EQ-1-3 Eg-2-1 EQ-2-2 EQ-2-3 EQ-3-1 Eg-3-2

o

o

9 NO real tlme W Rel. Visit Duration-HIGH ® REI. Visit Duration-LOW C Rel. Visit Duration Diffj
difference ~ -

when reading

Time (s) Percentage

Andrea Kohlhase, Michael Kohlhase, and Taweechai Ouypornkochagorn: Discourse Phenomena in Math Documents, 2018

6/28/2024 INTRO TO EYE TRACKING FOR MATH | PROF. DR. ANDREA KOHLHASE 24



MATH COMPETENCY
fI' U

Visits per understanding level

Understanding Levels: Visit-Counts wrt. Comprehension Level
= LOW ’e Eqg-1 Eq-2 Eqg-3
= HIGH
-
15
HIGH > LOW «—
10
» HIGH is more active | s |I II |I | I I II I I
In global decoding . I I [ i
> ACtIVItyOfa” K Eg-1 Eqg-2 tq Eg-1-1 Eg-1-2 Eqg-1-3 Eqg-2-1 Eg-2-2 EQ-2-3 Eqg-3-1 Eg-3-2
decreases Within the {VISitS HIGH ™ Visits Log W Yisits-Diff
solution C\ogts Percentage

Andrea Kohlhase, Michael Kohlhase, and Taweechai Ouypornkochagorn: Discourse Phenomena in Math Documents, 2018
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MATH COMPETENCY
HNLD

Fixations per understanding level

Understanding Levels: Fixation-Counts wrt. Comprehension Level

= LOW @
= HIGH £ IR
HIGH >> LOW «— |«
30
» HIGH is really more 2 .
active in local decoding |, I I I I I K I i I I I I
» Activity of all decreases |,
Wlthln the Solutlon K Eq-1 Eq-2 tq/tqll Eq-1-2 Eg-1-3 Eg-2-1 EQ-2-2 Eg-2-3 Eg-3-1 Eg-3-2

Fixations-HIGH Fixations-LOW M Fixations-Diff

- _ \ J

- Math competency correlates with the activity level of visual scanning,

but not time!
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D
HOME OF MATH

EXPRESSIONS?

Is math literacy different
for different disciplines?



COMMUNITIES OF PRACTICE (COP) AN U
/}zé\?king for visual patterns (while discovering errors) ri)

organized \
groups of people
with a common

concern/interest E (FQ{—)-BA(I) = ap@_)&—_ﬁ:g (F()f—>ﬁ) ) (Aa)

in a specific

s this 5 Faithid] representation of the given formula?

Variant A for Equation from Type Theory

CS ( a—f3 a): :—)6 ( 0%5)5( Oé)

Original Equation from Type Theory

>

MATH ( - - a): @7:~.¢ ( \—>’3)5( a)

Andrea Kohlhase: Factors for Reading Mathematical Expressions, 2016
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COMMUNITIES OF PRACTICE (COP) ' h\l U

COP membership and error validation: Computational Math T

Original Equation from Type Theory

e (FaspAa) = apeysc—see (Fap) € (Aa)

Is this a faithful representation of the given formula? MATH
e ( a—>/ " ()z) — Q- SE— 3 ( Y — 5’) 5( (1’)

UNSURE

0%
No ( a— 3 a) — e Y g ( a—}@)g( oz)

Andrea Kohlhase: Factors for Reading Mathematical Expressions, 2016
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COMMUNITIES OF PRACTICE (COP) | I \I U
COP membership and error validation: Type Theory (CS) ril

Original Equation from Type Theory
e (FaspAa) = apeysc—see (Fap) € (Aa)

Is this a faithful representation of the given formula? Cs

B s
s ( 20 a) 3 QR € ( arp 7 ”( O“)

UNSURE
8%

7 ( a—f3 a): (g Fc € ( “‘*5)8( a)

Andrea Kohlhase: Factors for Reading Mathematical Expressions, 2016

30
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COMMUNITIES OF PRACTICE (COP) LIMU
Result: competency/COP membership ril

» Competency correlates with efficient visual scanning (for errors)

» COP membership correlates with the visual scanning process

The visual scanning process might indicate competency
or COP membership

—> Can we deduce (COP) competency from the visual
scanning process or activity level?

- E.g., build a learner model from eye gazing behavior?

Andrea Kohlhase: Factors for Reading Mathematical Expressions, 2016
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ANL

LET‘S DO AN
EXPERIMENT ...

Now!



ANL

TOWARDS
FACILITATING

LEARNING

Formalization of Practices
- Learning Opportunities



ALEA R
Adaptive Learning Assistant r I] I U
https://courses.voll-ki.fau.de

Term references

>
Symbol recursive

smglom/computing (de) courses/Jacobs /GenCS /course (en) smglom/computing (en)

TMAafBawlislna N1 BT’\ -aall n..""'umi':'un'..{.\n; trwnae femorredroe. S8 ..[.f.]_in...'nb"ﬁu"]l'b
I Y 1L of WY — of ¥ 1LV inta tha bnauiladaa haca

Definition 0.1. Wir nennen eine Funktionen oder Typ f rekursiv, wenn { f} wechsel
Marc Berges et al.: ‘

Definition 0.1. Definition 0.1. Eine formale Sprache (oder einfach Sprache) liber eine

6/28/2024 IN - -
Ein Unterprogramt £ C A von Wortern Uber A.



ALEA

Adaptive Learning Assistant: Guided Tour
https://courses.voll-ki.fau.de

1owledge base given by Prolog program is that set of facts that can be derived from it by
" and instantiation.

AA=>B,, AB

B T Subst

AT

&
B/X](A)

SCHLIESSEN

HNLD

X Guided Tour

definitional equation

ellipses

mathematical
structure

ninset
hasprop
setst
rsetst

bsetst

mathematical

equal

set of pairs

natural number



ALEA 1 I \I U
Adaptive Learning Assistant: feeding on learner model ril

For each learner a learner model is maintained,
that stores information about activity in the learning material
and self-assessed understanding levels (based on Bloom's taxonomy for learning objectives)

ALeA is a great
playground for

automatic
deduction of
understanding levels el eSS EE e

via eyetracking

Marc Berges et al.: Learning Support Systems based on Mathematical Knowledge Managment, 2023
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FORMALIZATION OF MATH KNOWLEDGE

Decoding of math expressions can be generalized to text T Ij I U

Let X be a set, then a set system O is called a topology, iff

1. PO
] 2. XeO
Flexi- 3. If SC O, then |J,_ s s € O. (closed under unions)
formalization 4. If S C O is finite, then N.cs s € O. (closed under finite intersections)
N —
> Atormal STox
enCOding fer{d ]{X}\vardef{top}{\mathcaI{O}}
_ Let $\bset$ be a \sn{set}, then a \sn{set system} $\top$ is called a
in a tech \definame{topology }J, iff
begin{enumerate
document \item \inlineass[name=eset.cond]{$\inset\eset\top$}.

\item \inlineass[name=fullset.cond]{$\inset\ bset\top$}.

\item \inlineass[name=union.con]{$\inset{\munionCollection{s}Ss}\top$
if $\sseteq{S}\top$}

item \inlineass[name=fincap.cond]{$\inset{\mintersectCollection{s}Ss}\top$
lf $\sseteq{S}\top$ is \sn{finite—cardinality ?finite} }.

end{sdef;mtlon }

Michael Kohlhase and Dennis Mlller: sTeX3 -- A LaTeX-based Ecosystem for Semantic/Active Mathematical Documents, 2023
6/28/2024 INTRO TO EYE TRACKING FOR MATH | PROF. DR. ANDREA KOHLHASE
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FORMALIZATION OF MATH KNOWLEDGE - I \I U
What can we do with such formalizations? ri

6/28/2024

Let X be a set, then a set system O is called a topology, iff

1. €O

2. XeO

3. f SC O, then |J,.¢ s € O. (closed under unions)

4. If S C O is finite, then ﬂ__\ s € 0. (closed under finite intersections)

The term ,topology” depends on other terms, e.qg.,
set, ), U,cq,finite (g s -

and those in turn depend on others, etc.

- We have a terminological dependency order

Andrea Kohlhase und Michael Kohlhase: More Interactions in ALeA —Towards New Added-Value Services based on Semantic Markup, 2023
INTRO TO EYE TRACKING FOR MATH | PROF. DR. ANDREA KOHLHASE
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FORMALIZATION OF MATH KNOWLEDGE h\l U
I

Terminological dependency order for ,,topology*

Learning goal: Dependencies

6/28/2024

topological space

topology

— —

set system

empty set

power set

subset
relation

INTRO TO EYE TRACKING FOR MATH | PROF. DR. ANDREA KOHLHASE

Andrea Kohlhase und Michael Kohlhase: More Interactions in ALeA —Towards New Added-Value Services based on Semantic Markup, 2023

big
union

big finite
Intersection

natural
numbers

44



A Dependency Solitaire Game

topological space

topology
set system empty set big big finite
union Intersection
power set natural
numbers
subset

relation

-



1
: A DEPENDENCY SOLITAIRE
ol

for a specific term,
here ,topology“
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: A DEPENDENCY SOLITAIRE
ol

for a specific term,
here ,topology“




I A DEPENDENCY SOLITAIRE

for a specific term,
here ,topology“




I A DEPENDENCY SOLITAIRE

i
!
!
- for a specific term,

here ,topology“

topological
L.space Y.



SUMMARY
Intro to Eye Tracking for Math

» Research results for math
= Math Literacy

=  Communities of Practice Visual Patterns
= Math Competency

» We conducted an Eye Tracking experiment!

» Implications for Math

6/28/2024 INTRO TO EYE TRACKING FOR MATH | PROF. DR. ANDREA KOHLHASE
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