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Goals of the STSM

Purpose and summary of the STSM.

(max.200 word)

This STSM aims to find syntax and categorical semantics for deriving bounds on the likelihood of
success or hazard on the behaviour of probabilistic programs or systems. We plan to develop a
syntax for a bicategorical analogue of Markov categories, containing both a formulation of synthetic
probability (Markov categories) and proof-relevant bound construction (reflected on the 2-cells).

Markov categories [5,15,16] constitute a synthetic categorical formulation of probability theory. A
recent extension by the host and visitor of this STSM, Partial Markov Categories [3], provides a
synthetic theory of Bayes updates and a graphical syntax that can be translated to a simple type
theory in terms of do-notation [17]. Still, these theories miss the ability to derive probabilistic
bounds. In the same way that cartesian bicategories of relations [2] allow us to bound the possible
outputs of a non-deterministic program, the bidimensional syntax developed from this STSM would
allow us to express statements like ‘if the pseudorandom generator used is indistinguishable from a
true random generator with a negligible bound, the probability of a successful attack to a
cryptographic protocol is less than a given bound’.
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Working Plan
Description of the work to be carried out by the applicant.

(max.500 word)

Practical aspects: The visitor and the host will work together, building on previous joint work [3].
An in-person visit would provide the time to collaborate on the whiteboard and tackle the key
difficulties of the problem. Once these are settled, it will become easier to coordinate towards a
complete text and an eventual paper submission.

Visitor and host bring different expertise to the proposal while sharing a common ground. The
visitor (Elena Di Lavore) has already published on compositional approaches to program dataflow
[9] and economic game theory [10]. The host (Mario Roméan) has published on string diagrammatic
approaches to programming effects [11] and causal analysis of monoidal processes [4]. Both have
already collaborated on a first extension of Markov categories to explicit Bayesian updates [3] and
an application to dataflow programming [13]; in both cases, the results were published at Logic in
Computer Science (LiCS). The plan for this STSM is to expand this project on Markov categories.

Technical aspects: We will propose and investigate a definition of Markov bicategory, where the
two-dimensional structure allows us to reason about bounds. We will pursue a graphical calculus
and a corresponding type theory for Markov bicategories. In particular, we will investigate the role
of conditionals in this definition: a crucial aspect of Markov categories is how they capture causal
dependence; we conjecture a categorical semantics of this dependence can be given in terms of a
natural produoidal structure [4] on top of Markov bicategories, in a similar fashion to Shapiro and
Spivak’s study of dependence with duoidal structures [7].

We plan to capture examples of probabilistic reasoning in computer science. For instance, we will
look at previous work by Broadbent and Karvonen [12], which provides a synthetic approach to
cryptography with monoidal categories. If time permits, we will try to prove safety bounds on some
simple cryptographic protocols.

Multiple topics on categorical semantics may be developed further due to this STSM. The semantic
universes for our goal syntax would likely combine probability and non-determinism [1,6,8], and
rely on a refined definition of conditional [5,3]. The causal structure of Markov categories may be
synthetically captured by the notion of produoidal category [4,7,14]. Multiple variants of monoidal
bicategories have been described, some recently (premonoidal, (adjoint-)cartesian, closed, or
Freyd bicategories [2,18,19]); we expect to develop bidimensional Markov categories.

Expected outputs and contribution to the Action MoU objectives and deliverables.

Main expected results and their contribution to the progress towards the Action objectives (either
research coordination and/or capacity building objectives) and deliverables.

(max.500 words)

We expect this research to fall within Deliverable D4 (“Definition of a mathematical framework for
modular reasoning about type theories and their extensions”). A result of a better syntax for
Markov bicategories will fall within Research Coordination Objective 3 (“Make techniques for
program verification more effective and more accessible to all stakeholders”).

Additionally, we would make progress towards the following Capacity Building Objectives:
Objective 1 (“Bring together members of the different communities working on proofs in Europe”)
and Objective 3 (“Create an excellent and inclusive network of researchers in Europe with lasting
collaboration beyond the lifetime of the action”), by contributing to a lasting collaboration between
postdocs at Pisa and Ozxford; Objective 4 (“Ease access to formal verification techniques in
education and other areas of science”), by proposing an intuitive syntax for probabilistic reasoning;
and Objective 5 (“Actively support young researchers, the under-represented gender, and teams
from regions with less capacity”).
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We aim to publish this work in a relevant theoretical computer science conference (e.g. ETAPS,
LiCS, POPL) or journal (e.g. LMCS, MSCS). The development of Markov categories is additionally of

interest to the category theory, compositional cryptography, and the probabilistic programming
communities.
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