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Inductive term := 
| tRel (n : nat) 
| tSort (u : Universe.t) 
| tProd (na : name) (A B : term) 
| tLambda (na : name) (A t : term) 
| tApp (u v : term) 
| tInd (ind : inductive) (ui : Instance.t) 
| tConstruct (ind : inductive) (n : nat) (ui : Instance.t)  
| (* … *)

tLambda (nNamed "P") (tSort prop) (tRel 0)

λ(P : Prop). P

becomes



Judgments
PCUIC

Σ ; Γ ⊢ u ≤ vCumulativity

Σ ; Γ ⊢ t : ATyping



Judgments
PCUIC

Σ ; Γ ⊢ u ≤ vCumulativity

Σ ; Γ ⊢ t : ATyping

Global environment

axioms

inductive types

definitions

universes



Judgments
PCUIC

Σ ; Γ ⊢ u ≤ vCumulativity

Σ ; Γ ⊢ t : ATyping

Global environment

axioms

inductive types

definitions

universes

Local environment

assumptions
definitions

x : A

x := u



PCUIC

Inductive cumulSpec0 Σ Γ pb : term → term → Type := 
| cumul_Sort : ∀ s s', 
    compare_universe pb Σ s s' → 
    Σ ; Γ ⊢ tSort s ≤pb tSort s’ 
| cumul_beta : ∀ na t b a, 
    Σ ; Γ ⊢ tApp (tLambda na t b) a ≤pb b {0 := a} 
| cumul_App : ∀ t t' u u’, 
   Σ ; Γ ⊢ t ≤pb t’ → 
   Σ ; Γ ⊢ u ≤pb u’ → 
    Σ ; Γ ⊢ tApp t u ≤pb tApp t’ u’ 
| (* … *)

Σ ; Γ ⊢ u ≤pb v



PCUIC

cumul_Sym : ∀ t u, 
  Σ ; Γ ⊢ u ≤Conv t → 
  Σ ; Γ ⊢ t ≤pb u

Σ ; Γ ⊢ u ≤pb v



PCUIC

cumul_Sym : ∀ t u, 
  Σ ; Γ ⊢ u ≤Conv t → 
  Σ ; Γ ⊢ t ≤pb u

Σ ; Γ ⊢ u ≤pb v

Σ ; Γ ⊢ u ≤ v := Σ ; Γ ⊢ u ≤Cumul v 
Σ ; Γ ⊢ u = v := Σ ; Γ ⊢ u ≤Conv v



PCUIC

cumul_Sym : ∀ t u, 
  Σ ; Γ ⊢ u ≤Conv t → 
  Σ ; Γ ⊢ t ≤pb u

Σ ; Γ ⊢ u ≤pb v

Σ ; Γ ⊢ u ≤ v := Σ ; Γ ⊢ u ≤Cumul v 
Σ ; Γ ⊢ u = v := Σ ; Γ ⊢ u ≤Conv v

compare_universe Cumul Σ s s’ all valuations satisfying the constraints of Σ verify s ≤ s’



PCUIC

cumul_Sym : ∀ t u, 
  Σ ; Γ ⊢ u ≤Conv t → 
  Σ ; Γ ⊢ t ≤pb u
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Σ ; Γ ⊢ u ≤ v := Σ ; Γ ⊢ u ≤Cumul v 
Σ ; Γ ⊢ u = v := Σ ; Γ ⊢ u ≤Conv v

! equality / cumulativity is untyped

compare_universe Cumul Σ s s’ all valuations satisfying the constraints of Σ verify s ≤ s’
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→ ⊂ ⇛ ⊂ →*

(S a) + ((λx. x + b) 0) ⇛ S (a + (0 + b))

Can reduce all immediate reducts in one step

but also

(S a) + ((λx. x + b) 0) ⇛ (S a) + (0 + b)

Parellel reduction
Following Tait, Martin-Löf and Takahashi
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Γ,t

ρctx(Γ),ρ(t)

Γ’,uΓ’’,v

The triangle property
Accounting for local definitions
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is well-founded 
for well-typed terms

Axiom normalisation : 
  ∀ Σ Γ t, 
    wf_ext Σ → 
    welltyped Σ Γ t → 
    Acc (cored Σ Γ) t.
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Cumulativity checking

iscumul : 
 ∀ pb Σ Γ u v, 
   welltyped Σ Γ u → 
   welltyped Σ Γ v → 
   dec ∥ Σ ; Γ ⊢ u ≤pb v ∥

Compare heads and proceed recursively

u v

u’ v’match with,
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| tProd A₀ B₀, tProd A₁ B₁ ⇒
  iscumul pb Σ Γ A₀ A₁ _ _ ;
  iscumul pb Σ (Γ,A₀) B₀ B₁ _ _
| (* … *)
end

Termination Typing

A₀ ≠ A₁ → tProd A₀ B₀ ≠ tProd A₁ B₁ SR + context conversionSN

CompletenessSoundness

Need algo sucht that: u’ ⇽ u u’ whnf
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0
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